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Abstract 

We take a worldsheet point of view on the relation between Ramond-Ramond charges, 
invariants of boundary renormalization group flows and K-theory. In compact super Wess- 
Zumino-Witten models, we show how to associate invariants of the generalized Kondo 
renormalization group flows to a given supersymmetric boundary state. The procedure 
involved is reminiscent of the way one can probe the Ramond-Ramond charge carried by 
a D-brane in conformal fleld theory, and the set of these invariants is isomorphic to the 
twisted K-theory of the Lie group. We construct various supersymmetric boundary states, 
and we compute the charges of the corresponding D-branes, disproving two conjectures on 
this subject. We flnd a complete agreement between our algebraic charges and the geometry 
of the D-branes. 
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1 Introduction 



It has been known for a decade that Ramond-Ramond charges of D-branes, invariants of bound- 
ary renormahzation group flows and K-theory are intimately linked. The first steady indication 
of the link between Ramond-Ramond charges [Ij and K-theory came from a detailed analysis 
of the coupling of the gauge and scalar fields supported on the D-brane worldvolume to the 
Ramond-Ramond fields living in the bulk [2]- Along separate line of development, it became 
clear that Sen's conjectures [3j implied that the set of D-brane configurations modulo the action 
of the boundary renormahzation group flows is given by an appropriate version of the K-theory 
of the target space [HE]. (See [6j[7l[8] for a complete overview of K-theory applied to strings.) 

The boundary renormahzation group flows are triggered by boundary perturbations of the 
conformal field theory describing the open string modes living on the D-branes considered. They 
generically map a D-brane configuration onto another (possibly empty) D-brane configuration 
plus closed string radiation. As closed strings do not carry any charge with respect to the 
Ramond-Ramond gauge fields, it is natural to expect that the Ramond-Ramond charges of 
the two D-brane configurations coincide. This property has been checked in |9] for the fiat 
space case, in [10] for the case of orbifolds of toroidal compactifications, and in [IIl[l2] for 
Kazama-Suzuki coset models. Ramond-Ramond charges therefore provide natural invariants of 
the boundary renormahzation group flows. 

The aim of this paper is to construct invariants of generalized Kondo flows [T3lll4lll5"lll6lll7| 
in super Wess-Zumino-Witten (sWZW) models on a compact simply connected Lie group, using 
a procedure that is formally a measurement of the Ramond-Ramond charge of the boundary 
state by a Ramond-Ramond test state (see for instance [18], section 8). We used "formally" 
in the last sentence because sWZW models do not contain massless Ramond-Ramond gauge 
fields, so the concept of Ramond-Ramond charge is ill-defined in this setting. The "charges" 
constructed in this paper are well-defined as invariants of the boundary renormahzation group 
fiows, however. 

WZW models are conformally invariant sigma models with a Lie group G as target space. 
When G is compact, the corresponding conformal field theory is rational and can be solved 
exactly. The set of brane configurations modulo boundary renormahzation group fiows is con- 
jectured to be isomorphic to the twisted K-theory of the Lie group G, where the twist is provided 
by the class of the NS-NS 3-form H (this class is determined by the level k of the WZW model). 
The twisted K-theory for G compact, simple and simply connected has been computed in [19], 
and is given by the direct product of 2*""^ copies of Z/MZ : 

Kh{G) = {l^lMTf^ , (1.1) 

where r is the rank of the group G and M is an integer depending G and on the level k. (The 
explicit expression for M is not very enlightening and can be found in [19J.) One remarkable 
feature of these K-groups is that they have torsion (they are direct products of finite cyclic 
groups), so that the corresponding D-brane charge is conserved only modulo the integer M. 
In particular, a stack of M identical D-branes can decay into closed string radiation. The fact 
that WZW models are well-known CFTs, that their target spaces admit a non-trivial (and non- 
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torsion) H field and that their K-theory groups are cychc makes them interesting examples on 
which one can test the K-theory conjecture. 

Comparison between the Kondo flow action on WZW D-brane and the K-theory of the 
underlying Lie groups have been performed in several papers [SQlEUEZlEHllSl]- The general 
idea underlying these tests of the K-theory conjecture is the following. One associates to the 
known D-branes a Z/MZ valued charge, and consider the constraints imposed by the maximally 
symmetric Kondo boundary flows on these charges. These constraints can be solved, and impose 
that the value of M coincides with the result of the K-theory computation. Given an arbitrary 
D-brane, one can generate by Kondo flows other D-branes in the same Z/MZ factor, and the 
universality [25l[26] of the Kondo renormalization group flows explains why the integer M is 
the same in each factor of (II. ip . However, it is impossible to test the number of Z/MZ factors 
in (jl.ip with these techniques. It is also impossible to know whether two boundary states carry 
the same type of charge (ie. lie in the same Z/MZ factor) if they are not linked by a boundary 
renormalization group flow of the Kondo type. For instance, in the two papers (STJEE], the 
authors claim to display boundary states carrying charges from each of the factors of (jl.ip . but 
no steady argument supports these conjectures. We will see that actually both of them prove 
wrong. 

This situation makes it desirable to have a well-defined prescription to assign to a given 
boundary state an element of the K-theory group (jl.ip . In this paper, we will describe a 
procedure that allows to associate to a worldsheet supersymmetric boundary state of the super 
Wess-Zumino-Witten model a quantity invariant under the generalized Kondo renormalization 
group flows. We will check that these invariants form a group isomorphic to the twisted K-theory 
of the Lie group G. 

The paper is organized as follows. In the next section we review the classification of flat 
space type IIB D-branes by K-theory, and show how this K-theory charge can be probed by 
computing a coupling of the boundary state with a Ramond-Ramond test state. We then review 
briefly and roughly our construction. We also summarize the main results about the Kondo flow 
invariants that we will build. In section [31 we review the super Wess-Zumino-Witten model, 
as well as the relation between quantum Wilson operators and the Kondo flows in the bosonic 
WZW model. 

In section m we construct a large class of worldsheet supersymmetric boundary states for the 
sWZW model, using well-known constructions available for the bosonic WZW model. In section 
m we show how Wilson operators can be used to describe the supersymmetric Kondo flows of the 
sWZW model. In section [6l we compute the cohomology of the worldsheet supercharge, which 
determines the space of Ramond-Ramond test states. We also compute the action of Wilson 
operators on these test states. Section [7] is devoted to the construction of the charges. At the 
end of this section we compute in full generality the charges of the simplest boundary states 
constructed in section |4] (namely the maximally symmetric, coset and twisted boundary states). 
Several specific examples of more elaborate boundary states in 5C/(4) are treated in section [H as 
an illustration of our formalism. In section[9l we use the so-called Kostant conjecture to connect 
our procedure with the familiar picture of the classification of brane charges by homology. We 
check that in the examples considered in section [H the charges that we found coincide with the 
geometric intuition. We end with some concluding remarks in section [TOl 
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2 An overview 



The aim of this section is to convey a general feehng of the ideas that will be relevant to the 
understanding of the construction elaborated in the sections [6] and [71 

2.1 The flat space case 

First, it is instructive to have a look at the flat space case. A more detailed account of the 
K-theory classification of D-branes in flat space can be found in [6]. 

So let us consider type IIB string theory on R^'', and recall that the type IIB D-branes are 
located along even dimensional hyperplanes (in spacetime). According to [1], any D-brane in 
this background can be constructed from a tachyon field configuration on a stack of an equal 
number (say n) of D9 and anti-D9 branes. This stack carries a Chan-Patton bundle with 
structure group U{n) x U{n), and the tachyon field T is a complex Lorentz scalar transforming 
in the bifundamental representation of U{n) x U{n). (It is the field corresponding to open 
strings stretched between a brane and an anti-brane.) In this way, a Dp-brane supported on a 
p + 1-dimensional hyperplane of M}^ is identified with a solitonic configuration of T vanishing 
on this hyperplane, and constant in the directions parallel to it. Such a tachyon profile can be 
built out of the Atiyah-Bott-Shapiro construction [29], and these tachyonic configurations are 
classified by the K-theory with compact support in the directions normal to the Dp-brane p]. 
After compactification of M^"^ by the addition of its sphere at infinity, compactly supported 
K-theory is isomorphic to the relative K-theory K{B^~'p , S^~P) = Z [p odd), where B"^ and 
S"" denote the m-dimensional ball and sphere. This K-theory classifies the charges of all of the 
brane configurations which are trivial along a prescribed p -|- 1-dimensional hyperplane (in the 
sense that any two sections of such configurations orthogonal to the hyperplane are homotopic). 
We consider here only branes belonging to this family. 

According to the philosophy exposed in [30], any object that can be constructed from target 
space concepts should have a counterpart on the worldsheet, in the conformal field theory 
formalism. So let us see what is the analogue of the K-group K{B^~^, 5"^"^) = Z from the CFT 
point of view. Closed type IIB string theory in M^" is described by the conformal field theory 
(CFT) consisting of ten free bosons and fermions tensored with a ghost CFT, and subject to the 
appropriate GSO projection. In the Ramond-Ramond sector, zero modes ipQ of the holomorphic 
and antiholomorphic fermions form two anticommuting copies of the Clifford algebra C1(M^+^). 
They satisfy : 

where tj^u is the standard Minkowski metric. The GSO projection keeps only operators formed 
by an even number of fermionic zero modes. The massless Ramond-Ramond sector of this 
theory (at zero momentum) is given by the even part of a (Z/2Z graded) tensor product of 
two Clifford modules. The following representation of this vector space is useful. Pick an 
orthonormal basis {e'^} such that the first p + 1 vectors are tangent to the worldvolume of 
p + 1 dimensional hyperplane considered above, define V'i = "T^^^o ^ ^V'o)' ^'^^ I-'-) t>e the 
state of unit norm such that = for ^tll fJ-. Then the massless Ramond-Ramond sector is 

generated by the states : 
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with odd p. We will call these states "test states", for the following reason. Up to a normalization 
factor, the component on the Ramond-Ramond ground states of the D-branes in our family is 
given (in the light cone gauge) by |e^ A... Ae^"'"^) + |eP"'"^ A... Ae^). The Ramond-Ramond charge 
of a given D-brane can be probed by computing the overlap (e^ A ... A e^+^lDp) (see for instance 
section 8 of [E] for more details). Now it is well-known that boundary states form a lattice 
(ie. one can stack only an integer number of D-branes), so the overlap with the test states 
are quantized for all of the boundary states. After a suitable normalization, the linear form 
(e^ A ... A e^^^l can be seen as a map from the set of boundary states into K{B^~p, S^~^) = Z, 
which assigns to each D-brane its K-theory charge. [9J provided good indications that these 
overlaps between boundary states and test states are invariant under renormalization group 
flows. Indeed, the D9 and anti-D9 configuration with a non-trivial tachyon field configuration 
seems to carry a Ramond-Ramond charge identical to the charge of the equivalent Dp-brane. 
Therefore on the worldsheet, the map associating to a D-brane its K-theory charge is realized by 
taking the overlap of the corresponding boundary state with a test state in the Ramond-Ramond 
vacuum. Note that the study of the coupling of D-branes to test states is completely equivalent 
to the study of their intersection form, and yields their charges more straightforwardly. 

We will only aim at probing the Ramond-Ramond charges of worldsheet supersymmetric 
boundary states, that is, boundary states \B) satisfying D^\B) = 0. is a worldsheet 

supercharge, and we define D+ = {D^)^. In non-trivial conformal field theories, some of 
the charges obtained by taking the scalar product of supersymmetric boundary state with 
Ramond-Ramond test states may be linearly dependent. Indeed, any test state \RR) of the 
form \RR) = Dj^\RR') has vanishing scalar product with \B). There may also exist massless 
Ramond-Ramond states which are not supersymmetric. We will ignore such states and restrict 
ourselves to test states \RR) which lie in the kernel of the adjoint of the worldsheet supercharge : 
Dj^\RR) = 0. Therefore the set of Ramond-Ramond test states we propose to consider is 
provided by a basis of representatives of the cohomology of the supercharge on the set of 
massless Ramond-Ramond states. Note that cohomology appears here exactly for the same 
reason as in the BRST formalism : we are restricting ourselves to states lying in the kernel of a 
nilpotent operator. In the flat space case, L>+ vanishes on the set of Ramond-Ramond ground 
states, which therefore coincides with the cohomology. However the worldsheet supercharge of 
the super Wess-Zumino-Witten model does have a non-trivial cohomology, and it is necessary 
to take this fact into account to obtain agreement with the prediction of K-theory on the charge 
group. 

2.2 Summary of the construction 

When trying to apply the "test-state" procedure reviewed above to the super Wess-Zumino- 
Witten model, one faces at least three major difficulties : 

• The physical state space of super WZW models does not contain any massless Ramond- 
Ramond state |i31j- This shows that the very concept of Ramond-Ramond charge is 
ill-defined, as there are no massless Ramond-Ramond gauge fields in the target space 
theory. (It is the reason why one should think of the charges to be found below only as 
invariants of the boundary renormalization group flow.) 
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• When one tries to use the (massive) Ramond-Ramond ground states to probe D-branes, 
the charge obtained is not quantized, and moreover it is modified by the action of the 
Kondo flows [32| . 

• Finally, to match the K-theory prediction (jl.ip . the charge must be identified modulo 
M . It is unclear how one could possibly get a periodically identified charge from a scalar 
product between the boundary state and a test state. 

There is however a way of solving these three problems all at once : we have to look for truly 
massless Ramond-Ramond test states outside the physical state space of the super WZW model. 

Let us explain this idea. Recall that the state space of the super Wess-Zumino-Witten model 
on a simply connected Lie group in the Ramond-Ramond sector is a direct sum of irreducible 
modules of the form : 

Vx = Hl® Hi ®Fr®Fr, 

where Hf^ and are integrable modules for a Kac-Moody algebra Qk associated to the group 
G, and Fr are Fock modules for d = dimG free fermions in the Ramond sector. The condition 
that the Ramond-Ramond ground states be massless reads (see section 16.211 : 

(A,A + 2p) + — = 0, 

where hy is the dual Coxeter number of G and p its Weyl vector (half the sum of the positive 
roots). As any integrable module for satisfies (A,/?) > 0, the physical sector of the sWZW 
model does not contain any massless Ramond-Ramond state. However, the ansatz A = —p 
satisfies the equation and is the unique solution (by Freudenthal-de Vries strange formula). 
While the non-integrable module V-p does not appear in the physical state space of the theory, 
it does carry a representation of the spectrum generating algebra of the sWZW model, so one 
can in particular study the cohomology of the supercharge. It turns out that this cohomology 
has dimension 2'', where r is the rank of G, and is supported on a highest grade subspace of V-p, 
for some appropriate grading. This space will be our space of Ramond-Ramond test states. 

To pursue the procedure sketched above in the case of flat space, one would like to measure 
the charge of a given boundary state by taking its scalar product with a given Ramond-Ramond 
test state. This is not readily possible because the boundary state does not have any component 
along V-p. One should therefore complete the boundary state in the virtual sector V-p. This 
completion can be performed in a consistent way as follows. Recall that boundary states are 
linear combinations of Ishibashi states, which are themselves a set of linearly independent 
solutions to the gluing conditions imposed on the boundary state. These gluing conditions 
specify how the bulk fields of the theory are reflected at the boundary, and they can also 
be solved in V-^. While there may be several linearly independent solutions to the gluing 
conditions in V-p, only one of them intersects the representatives of the cohomology, and does so 
along a one-dimensional subspace, so the gluing conditions select an element of the cohomology 
up to normalization. 

^To be precise, we will have to solve them in a bundle which fibers are composed of highest weight modules 
V-p with twisted action of the chiral algebra of the model. This is necessary to preserve the global G x G 
symmetries of the model, see section [631 
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The latter can be fixed by considering the action of Wilson operators [E]. Roughly speaking, 
Wilson operators encode the reflection coefficients of the boundary state (the prefactors of the 
Ishibashi states). But they are also normal-ordered series in the Kac-Moody current, which 
have a well-defined action on any highest weight module. This important property can be used 
to perform an appropriate continuation of the components of the boundary states from their 
value in the physical state space to V-p. 

The charge of a boundary state are then measured by taking the scalar product of a repre- 
sentative of the cohomology with the completed boundary state. 

We will show that : 

• The resulting charges are quantized (that is, integer up to normalization). (Section l7.4p 

• The action of Wilson operators naturally imposes that these charges are periodic, with 
the right periodicity M, so they can actually be taken to lie in Z/MZ. (Section l7.4p 

• Whenever a generalized Kondo flow sends a brane configuration onto another one, the 
charges of the two configurations are equal. These charges are therefore the invariants we 
are looking for. (Section 17. 5p 

• Half of the linearly independent test states cannot couple to any boundary state, so 
the number of independent charges is 2^~^. This yields a charge group of the form : 
(Z/MZ)*-^ \ which coincides with the twisted K-theory group (11.11) of G. (Section (H) 

• There is a distinguished basis of the representative of the cohomology of the supercharge 
that can be naturally identified with the generators of the homology of the Lie group. 
This provides the link between our algebraic picture of the charges and the more familiar 
geometric picture, in term of homology classes. We will check in several examples that 
the algebraic charge coincides with the geometric one. (Section [9]) 

We will now make these statements precise. 

3 Basic notions 

3.1 The super Wess-Zumino-Witten model 

We start by reviewing the super Wess-Zumino-Witten (sWZW) model [331IMI851I361I371I3T] . 
The chiral algebra 

We describe here the chiral algebra of the sWZW model. To simplify the notations in this paper, 
we will not distinguish typographically the various infinite dimensional Lie algebras from their 
respective vertex algebras. 

Let G be a compact, simple and simply connected Lie group of dimension d. Let g = Lie(G) 
be its Lie algebra, and the corresponding Kac-Moody algebra at level k = k + h"^ , k > 0, 
where /i^ is the dual Coxeter number of g. Let us choose an orthonormal basis {e°'}^^i of g 
with respect to the Killing form, let {J"'{z)} be the components of the Kac-Moody current on 
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this basis, and {J^} {n £ Z) their Laurent modes. All the sums on the Lie algebra indices 
a,b,c, ... will be implicit. 

Let f be the Lie superalgebra generated by d free fermions {'ip°'{z)} with antiperiodic (Neveu- 
Schwarz) or periodic (Ramond) boundary conditions, and V'r their Laurent modes. Here r E 
Z + i in the Neveu-Schwarz sector, and r € Z in the Ramond sector. We will adopt this 
convention throughout the rest of this paper. We will sometimes see the d free fermions {tp"'} 
as a single g- valued fermionic field ip. The chiral algebra c of the level k super Wess-Zumino- 
Witten (sWZW) model is given by the semidirect product c = x f, where the action of g^ on f 
is given by (I3.1|l below. Explicitly, the generators satisfy the following commutation relations : 



K,V''] = /a6cC+r, (3.1) 

where fabc are the structure constants of g. 



Subalgebras 

The chiral algebra c defined above contains several important subalgebras (in the sense of vertex 
algebras) . 

First, f contains a subalgebra isomorphic to g/jv, the Kac-Moody algebra based on g at level 
hy . The generators for this subalgebra are : 

Wn = -lfabcY.i^'r^'n-r- (3-2) 

r 

One can then define the "bosonic" current J : 



] = J-J^. (3.3) 

It generates a Kac-Moody subalgebra g^ of c which has the crucial property of commuting with 
f : 

This shows that c is in fact isomorphic to g^ © f. 

c also contains a copy of the = 1 superconformal algebra, with generators given by : 



=i E ^ J^-'n— -■+\Y.'^-- 'f'n-r^r ■ ( + ^'^",o) , (3-4) 
m r ^ ^ 

= - 7^ ( E J-V'?-™ - Ifabc J2 €i^t€-s-t] , (3.5) 

y k \ m s,t / 

where the indices r, s and t are summed over Z or Z + ^ in the Ramond and Neveu-Schwarz 
sector, and m and n are always summed over Z. The term between parenthesis in the definition 
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of Lq is present only in the Ramond sector. They satisfy 



[Lm,Ln\ = (m - n)Lm+n + J^i"^^ " rn)6m+n,o , 

{Gr,Gs} = 2Lr+s + ^(4r2 - l)Sr+s,0 , (3.6) 
m-2r 

where c = ^f^fvy*^ is the central charge. Their action on the generators of c is given by : 



Finally, we note that the bosonic part of f is isomorphic to the Kac-Moody algebra so{d)\ 
at level one, with generators : 

JU^) = , i = l, ^{d^ - d) , (3.7) 

where t^;, are the matrix elements of the generators {i*} of 5o{d) in the defining representation. 
The bosonic part of the chiral algebra is therefore given by Qk ©sb(d)i. 

The full spectrum generating algebra is the direct sum c © c of a holomorphic and anti- 
holomorphic copy of c. Here we understand the direct sum in a Z/2Z-graded sense, so that 
holomorphic and antiholomorphic elements having both odd fermion number anticommute. The 
fields in the holomorphic sector will be denoted as above, and the ones in the antiholomorphic 
sector will carry a bar (J, 'ip, ...). 



The state space 

We start by describing highest weight modules for and f. 

The highest weight modules for that will be relevant to the construction of the state 
space of the sWZW model are the integrable modules. They are indexed by the (finite) set of 
integrable dominant weights at level k, C f)* where [) is the Cartan subalgebra of g. Given 
an integrable weight A G ^ we will denote the corresponding integrable highest weight module 
by H^, with a superscript indicating the corresponding Kac-Moody algebra in the situations 
when an ambiguity might occur. Integrable highest weight modules carry a hermitian invariant 
bilinear form. The elements of the compact form of the Kac-Moody algebra are anti-self- 
adjoint with respect to this form, and the adjoints of the Kac-Moody generators are given by 

There are only two irreducible highest weight modules for f, one in the Neveu-Schwarz 
sector, and one in the Ramond sector, and we denotes them respectively by F^s and Fr. 

All of these modules inherit a grading gr^^ from the adjoint action of Lq and their com- 
ponents with negative grade are trivial. Note that the grade zero subspace {Fns)o of F^s is 
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one dimensional, whereas (-Fr)o is an irreducible Clifford module for the d-dimensional Clifford 
algebra Cl{d) generated by the zero modes ipo of the fermions in the Ramond sector. 

We want now to construct the state space of the sWZW model. This state space can be fixed 
by the requirement that the torus partition function be modular invariant when the mapping 
class group SL{2,Z) of the torus acts. This modular invariance condition forces us to impose 
a GSO projection that breaks the spectrum generating algebra c © c to its bosonic part. 

We are working with a compact simple Lie group of arbitrary dimension, so generically 
only the type 0_ GSO projection is available. The type GSO projector is given by Peso = 
^(1 + (— where !F and !F denote the fermion numbers in the holomorphic and anti- 
holomorphic sectors, ie. the Z/2Z gradings coming from the superalgebra structures of the left 
and right factor of c © c. The operators of total grade zero are the only ones which survive the 
projection, so the remaining chiral algebra is given by © sb((i)i © 0fc © sb(d)i. Note that the 
superconformal generators G and G are projected out. 

It turns out that the problem of constructing a partition function for Pcsoi^ © c) which 
has the required modular invariance properties boils down to constructing a modular invariant 
partition function for the bosonic WZW model based on the chiral algebra Qk ©sb((i)i. We 
will construct these partition functions, and then comment on why the underlying module is a 
module for Pg5o(c © c)- 

The state space of the © so((i)i WZW model factorizes into g^-modules and so((i)i- 
module^ : 

W = © Wf„ , (3.8) 

where X = OA, OB or indexes different possible choices, see below. We will choose the charge 
conjugation modular invariant for the g^ theory : 

^0 = © ^A* , 

where A* is the weight conjugate to A. In the A; ^ oo limit, the WZW model with charge 
conjugation modular invariant describes a string evolving in the simply connected Lie group G 
constructed from g. The extension of our results to models with different modular invariants 
may be non trivial. 

so((i)i has four integrable representations when d is even, namely the ones corresponding to 
the trivial (t), the defining (or fundamental) (/), and the two spinorial (s and s') representations 
of 5o{d). For odd d the trivial and defining representations are still present, but there is a single 
spinorial representation, that we denote by s. In even d, so{d) admits an outer automorphism, 
so we can construct a modular partition function using either this outer automorphism or the 
trivial one. The two modular invariants obtained correspond respectively the type OA and 
OB GSO projections of string theories. In odd dimension, there is a unique type modular 
invariant. The state space for the 50(^)1 part therefore reads : 

n% = (Ht © Ht) © {Hf © Hf) © {Hs <S)Hs) , d odd, 

= {Ht © Ht) © {Hf © Hf) © {Hs' © Hs) © {Hs <E) Hs') , d even, (3.9) 

= {Ht © Ht) © {Hf © Hf) © {Hs © Hs) © {Hs' Hs') , d even. 

^This is not necessarily the case for non simply connected groups, see |38II39) . 
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By standard CFT arguments (for instance [ID], chapter 17), the state spaces Hg, Hgg, Wg^, 
all yield modular invariant partitions functions. Therefore H as defined in (13.81) yields a 
modular invariant partition function in each case. 

To see that these state spaces are really modules for our spectrum generating algebra 
Pgso(s ® ^), note how the highest weight modules for f decompose into 30(^)1 modules : 

Fns ^ © H}° , 
Fr^H^°®H'J (deven), Fr ^ Hl° (d odd). 

In the decomposition of F^s, Hf° appears at grade zero, while appears at grade |. The 
two spinorial 50(^)1 -modules are already present at grade zero in the decomposition of Fr in 
even dimension. One way of checking these relations is to compute the dimensions of the grade 
and \ subspaces of the relevant modules, and then recall that any product of an even number 
of fermionic generators can be expressed in term of the currents of so((i)i. Under the operator- 
state mapping of the vertex algebra f, Hf° corresponds to operators with even fermion number, 
while corresponds to operators with odd fermion number. For even d, one has the same 
picture in the Ramond sector, where the two so(d)i spinorial modules correspond to even and 
odd fermion number operators (which is which depends on how we choose the grading on the 
grade zero subspace). For odd d, however, Fr does not carry any Z/2Z grading. We have the 
same picture in the antiholomorphic sector. 

Now by the remark above and (|3.9p . we see that the postulated state spaces (|3.8|) are modules 
for Pcsoi^ ffi c)- Operators with = = preserve the 30(^)1 modules, while those with 
= = 1 permute the summands in (|3.9p . 

Supersymmetric states 

It will be crucial for us to have a notion of "supersymmetric state". The problem is that the 
superconformal generators G and G defined in (|3.5|) do not act on the state space of the sWZW 
model. They have odd fermion number and are projected out by the GSO projection. 

However, we will be able to define supersymmetric states if we construct a Z/2Z-graded 
module TL' for c © c such that the state space of the sWZW model coincides with the even part 
of Ti' : TC = {7i')o- Denote by i-h this embedding. Then the supersymmetry generators map 
(W)o to (W)i, and we can define a state \X) G W to be supersymmetric if : 

{Gr -ieG^r)in{\X)) =0 inH'. 

e = ±1 depends on the supercharge chosen to be preserved. 

The module Ti.' is straightforward to construct when d is even. One can take in this case : 

n' = ns^{FNs^FNs®FR^FR), (3.10) 

where it is understood that in the fermionic modules of the form the holomorphic modes 

■0$^ act on the first factor through the action of f, and the anti-holomorphic modes acts on the 
first factor by ( — 1)'^ and on the second through the usual action of f. The non-trivial action 
of the anti-holomorphic modes on the first factor is necessary to make them anticommute with 
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the holomorphic modes, rather than commute. Depending on the choice of Z/2Z-grading on 
the two copies of Fr we get an extension of the state space of the OA or OB sWZW model. 

7i' is less easy to construct when d is odd. By what was said above, we see readily that 
a construction analogous to the one in the even case is impossible, as Fji does not admit any 
Z/2Z-grading in the odd case. However, as long as we do not impose the reality condition 
z* = z on the worldsheet coordinates, the holomorphic and antiholomorphic modes of the 
fermions form a Lie algebra isomorphic to the Lie algebra of the modes of 2d chiral fermions. A 
Ramond module for 2d chiral fermions admits a Z/2Z-grading, namely the fermion number. 
Therefore, the following is a module for c c : 

n' = H^® (Fns ® Fns e F^^) . 

The action of c®c does not split into a holomorphic and antiholomorphic module in the Ramond 
sector, as was the case in the even d case. But after the GSO projection, the even part of F^ 
becomes a spinorial module Hg"^ for sb(2(i)i, which is isomorphic to HsC^Hg as a 0b(c?)i0sb(d)i- 
module (as can be seen by a computation of the dimensions of the grade zero subspaces, for 
instance). So the holomorphic/ antiholomorphic splitting is recovered after the GSO projection. 

Actually, the same construction can be applied in the even case, and is equivalent to the 
one we used because for d even, F^ ~ Fr (g) Fr as f f-modules. 

We have now a well-defined notion of a supersymmetric state in Tl. In the remaining of this 
paper, we will omit to write explicitly the map i-^ to avoid cluttering the notation too much. 
But it should be understood each time an odd operator acts on a state of H. 

We now describe a useful parametrization of the grade zero subspace of Ti' generated by the 
zero modes of the holomorphic and antiholomorphic fermions in the Ramond-Ramond sector. 
These zero modes satisfy the following relations : 

{ro, 4} = Sab , {ro, 4} = Sab , {ro,4} = o . 

From the discussion above, they generate a Clifford module Fq'^ for the Clifford algebra Cl(2d) 
in dimension 2d. We can make the following change of basis : 

V'oV = -^{ro + i^) , V'S- = -^{ro - ii^^) ■ (3.11) 

The new generators satisfy : 

{Vo\, V'^+} = , = Sab , = . 

Defining |1) to be the state with unit norm such that ■00+11) = foi' o, = 1, ...,d, the Clifford 

module F^*^ is freely generated from |1) by the set {ipQ_}. We can therefore parametrize the 
vectors in Fq'^ by elements of the exterior algebra /\ g : 

A ... A e"" ^ {e"' A ... A e"") := V'oi-V'o-|l) > (3-12) 

where we denoted the product in the exterior algebra by A. 

Finally, let us note that, by definition, the state |e"i A... Ae"'') satisfies the following relations : 

{ij^ + ieiP^)\e''' A-.-Ae"") = , (3.13) 

with e = —1 si a G {ai,...,ap} and e = 1 else. 
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3.2 Wilson loops and Kondo renormalization group flows 



We define here the Kondo perturbation in the bosonic case and recall how the fixed points of the 
induced boundary renormalization group flow can be identified by mean of quantized Wilson 
operators. 

The Kondo perturbation 

Consider a purely bosonic WZW model with holomorphic current J £ Qk, defined on a surface 
(possibly with boundaries) S, with an embedded time-like cycle C. Let A : g ^ C"' a n- 
dimensional representation of g, and A'^ = A{e^). Let us tensor the state space TCg of the WZW 
model with C". One can perturb the WZW action with the following term, acting on TCg^C^ ■ 



where I is a coupling, and a a parametrization of C. One can see this perturbation as a point- 
like charged defect with worldline C and spin A, which interacts minimally with the current 



Prom the string theory point of view, the Kondo perturbation has a different interpretation. 
Consider an open string cylinder amplitude between two D-branes. We have Tj = x [0,1], 
with worldsheet time running along 5^. Let us choose C = x {0}, so that the perturbation 
is supported on one of the boundaries of the cylinder. TCg C" can now be interpreted as the 
state space for open strings stretched between a stack of n identical D-branes at x {0} and a 
given D-brane at 5^ x {1}. This perturbation amounts to turning on a constant field A on the 
stack of D-branes [l^- For generic I, this perturbation breaks the superconformal symmetry of 
the model, and one can study the boundary renormalization group flow that it triggers. The 
IR fixed point of this flow is described by the Affleck-Ludwig prescription [13], and is again a 
WZW model, with a new boundary condition on the boundary initially perturbed. When the 
perturbed stack of D-brane is composed of n maximally symmetric branes of label A G P^, the 
final D-brane configuration is given by a set of M^^^ maximally symmetric branes of label 
where /i is the highest weight of the g-representation A and M^j^ are the fusion coefficients of 
Qk- A rigorous justification of the Affleck-Ludwig principle can be found in [17], section 5. 

It is however instructive to look at Kondo perturbations from the worldsheet dual theory. 

Quantum Wilson loops 

By open-closed string duality, one can consider the same setting, but now with worldsheet 
time running along the non-periodic direction of the cylinder. This amplitude has now the 
interpretation of a closed string exchange between the branes sitting at each end of the cylinder. 
The cycle C is spacelike, and the perturbation can be seen as a defect supported on C. 
Classically, this defect is a Wilson loop having the following expression : 




(3.14) 



J. 




(3.15) 
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where P denotes the path-ordered exponential, fi is the highest weight of the representation A 
of g on C" and j^{cr) are the components of the classical current j. These classical observables 
are topological : they depend only on the homotopy class of C. When I = ^, w{fi,l) even 
preserves the full symmetry of the WZW model. Indeed, it has vanishing Poisson bracket with 
the classical current j. 

To understand the Kondo perturbation from the closed string point of view, one needs a 
quantized version of the classical Wilson loop. This quantization was performed in [T^ in the 
case I = ^- The quantized Wilson loop VF^ corresponding to the classical Wilson loop w{fL,^) 
is a normal-ordered series in the quantum Kac-Moody current J. The special symmetries of 
w{^, ^) are preserved by this quantization procedure, which means that commutes with 
every element of Qk- Hence it acts by scalar multiplication on any irreducible g^-module. The 
power of the quantization procedure of [T7] is that the spectrum of is obtained explicitly. 
Let r] be any weight at level k > —h^, and is the Verma module of highest weight rj. Then : 



where Xa* is the g-character of the representation with highest weight /i. On the integrable 
highest weight module Hx and for integrable /x, the eigenvalue can be written as : 



where is the modular 5-matrix of g^. However, the fact that the action of is well-defined 
on any highest weight module at level k will be crucial to our argument. 

We have now a well-defined expression for the quantized Wilson operator at the special 
coupling value I = \- This value corresponds to the (classical) IR fixed point of the renormal- 
ization group flow equation starting from the UV fixed point / = 0. Moreover, as commutes 
with flfc, it also commutes with the associated Virasoro algebra. Therefore the theory defined 
on the cylinder in which is inserted in all the amplitudes is still a conformal field theory, 
which still has a © symmetry. As was shown in [T7], it is actually the Affleck-Ludwig 
fixed point of the Kondo flow. Put differently, when the Wilson loop acts on a boundary 
state \B), it yields the infrared fixed point of the RG flow triggered by the corresponding Kondo 
perturbation on d^\B) . Because the spectrum of is completely explicit, this provides a very 
simple and efficient way of investigating Kondo flows. We will repeat this argument in detail 
below in section [5l in the case of supersymmetric Kondo perturbations. 

The discussion above is not restricted to maximally symmetric boundary states, because the 
construction of the Wilson operator was completely independent from the boundary conditions 
imposed at the ends of the cylinder. We can see the Kondo flow as acting on defect operators 
as d^l I— > W^. This flow on defect operators turns into a boundary flow when we let these two 
operators act on a given boundary state. Wilson operators therefore provide a generalization 
of the Affieck-Ludwig prescription : they describes "universal" Kondo flows starting from any 
D-brane. (See |26j for a deeper discussion of the universal properties of these flows.) 




Let us add here an important remark. The Wilson operators described above form a ring 
isomorphic to the representation ring of g, because their eigenvalues (I3.16P are given by charac- 
ters of g. However, the physical state space of the sWZW model decomposes into a direct 




on M, 



(3.16) 




on H\ 
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sum of integrable highest weight 0fc-modules. Let w be an element of the afRne Weyl group 
of flfc, and e{w) its sign. The Wilson operators and ^i'w)W^^^s^ have an identical action 
on every integrable module, because their eigenvalues are the same. One way to see that the 
eigenvalues (I3.16P coincide is to use an argument similar to the one leading to the Kac- Walton 
formula (see [40j, §16.2.1). We have therefore the equality : W^\-}i^ = ^{'w)W^^^^\-Hg- We can 
define an equivalence relation on the ring generated by Wilson operators, where two elements 
are equivalent if they coincide on TCg. Denoting the equivalence class of by [W^], we have : 

Mra=-^A;ra, (3.17) 

where AA^^^ are the fusion coefficients of Qk- Indeed, on every highest weight module Hx, [W^] 
acts by scalar multiplication by so (I3.17P is equivalent to Verlinde's formula. 

The formalism described above allows to treat a more general set of boundary perturbations 
[IHlllT]. Choose a semi-simple subalgebra a C g, with embedding index x. Then we have an 
induced embedding of Kac-Moody algebras O-xk C Qk- Suppose that Pa is the orthogonal 
projection (with respect to the Killing form) of Q on a, and let A' : a ^ C" be a representation 
of a with highest weight r. One can then choose A = A' o P. (One therefore has A"" = 
whenever e° S fl/a.) 

The generalized Kondo perturbation (|3.14|) also triggers a boundary renormalization group 
flow. One can repeat the quantization procedure, and get a quantized Wilson loop W^. 
does not commute with all of Qk, but rather with hxk © Qk/^xk, where the coset algebra Qk/cixk 
is the algebra formed by all the operators in the vertex algebra associated to Qk which commute 
with the subalgebra hxk- The spectrum of W° is also obtained in an explicit way : 

where x° is the o-character, /i^(o) and pa the dual Coxeter number and the Weyl vector of o, 
and M° the Verma Ojjfc-module of highest weight v. To determine the action of on a Qk 
module, one first decomposes it into da;fc-modules, on which the action is given by (|3.18|) . 

Again, one can use these Wilson operators to find the infrared fixed point boundary states 
of the generalized Kondo perturbations. These states preserve only axk®Qk/cixk C Qk, and were 
described in |41| . 

Wilson operators also provide a very convenient way of building boundary states. Whenever 
a Wilson operator commutes with a given subalgebra of o C 0^, its action on a boundary state 
preserving d automatically yields another boundary state preserving d. This property will be 
used below in the construction of supersymmetric boundary states for the sWZW model. 

4 Boundary states in the sWZW modej^ 

In this section, we consider various well-known D-branes of the bosonic Wess-Zumino-Witten 
model, and show how to construct their supersymmetric counterparts in the sWZW model. 

^Many thanks to Stefan Fredenhagen for very useful discussions on this point. 
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The supersymmetric D-branes that we will construct are based on 



• the maximally symmetric D-branes |42| . 

• the twisted D-branes [43ll4l[45] . 

• the "coset" D-branes [iHlliTlITT] . 

• the "twisted coset" D-branes [46ll4n[47l[27l[28] . 

We will determine the charge of the first three families of D-branes in section [7] and the charge 
of some members of the fourth family in section [H For some pedagogical introduction to the 
treatment of D-branes in conformal field theory, see [4811491150] . 

A D-brane is fully specified once its couplings with all of the closed string states are given. 
Therefore, it can be pictured as a functional on the state space of the conformal field theory. It 
is often convenient to see this functional as a "boundary state" in a completion of the state space 
of the model (these states are not normalizable in general). We will construct the D-branes 
mentioned above by exhibiting their corresponding boundary states. 

Let us recall that a boundary state will be called "supersymmetric" if its components in the 
R-R and NS-NS sector satisfy the equations : 

{Gr-ieG.r)in{\B)) = Q , 
where is the map defined in section ISTTl 

4.1 Maximally symmetric D-branes 

In the WZW model based on g^, the maximally symmetric D-branes, as their name indicates, 
preserve the maximal amount of the bulk symmetry, namely the diagonal Qk subalgebra of the 
spectrum generating algebra Qk © 5a,- 

We would like our supersymmetric maximally symmetric D-branes of the sWZW model to 
have the same property. The latter can be implemented in the gluing conditions satisfied by 
the corresponding boundary state \B) : 

{J?, + rj\B)=0. (4.1) 
We want this boundary state to be conformal, which imposes : 

(L„-L_„)|B) =0. (4.2) 
Moreover, we also want it to be supersymmetric : 

{Gr - ieGr)\B) = , (4.3) 

with e = ±1. 

Given (|4.ip and the explicit form of the superconformal generators (13. 5|) . of the bosonic 
current (|3.3p and of the so((i)i current (|3.7p . we see that imposing : 

(V'^ + ieCr)!^) = (4.4) 
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implies 



(J^ + r J|i?) = , {{J^oTn + {J.oT-n)\B) = , 



(4.5) 



and hence (|4.2|) and (|4.3p . Conversely, (I4.5|l implies (|4.1|) and (|4.4|) for some e = ±1. 

(14. 5|) are exactly the maximally symmetric gluing conditions of the bosonic WZW model 
based on ©50(^)1, which state space coincides with the sWZW model after GSO projection. 
Therefore we see that the supersymmetric maximally symmetric boundary states for the sWZW 
model are the maximally symmetric boundary states of the Qk ©sb(d)i WZW model. 

These states are tensor products of boundary states for 0^ and 5o{d)\. For g^, the first set 
of gluing conditions in (|4.5p is relevant. There is one linearly independent solution (so-called 
Ishibashi state) |A)) in each Qk © g^-module H\ © H\* C TL^ with conjugated weights. It is 
convenient to rescale it so that we have : 

((/x|gK^«+^»-TOvy)|A)) = 5,xS,xXx{q) , 

where g is a formal variable, S the modular S matrix of g^ and X^^{Q) is the specialized character 
of Hfj^. (Our notation does not distinguish the Virasoro zero modes of the sWZW model from 
the ones associated to g^ and so(d)i. It should be clear from the context which one should be 
used.) The elementary maximally symmetric boundary states are indexed by integrable highest 
gfc-weights, and they are given by : 



To construct boundary states for 30(^)1, we have to distinguish several cases : 

1. d odd : If d is odd, we define / = {t, /, s}. 

2. d = mod 4 : In this case the spinorial representations are self-conjugate. Therefore 
we see that it will be possible to solve the second gluing condition of (|4.5|) in the Ramond- 
Ramond sector only when choosing the OB GSO projection. So in this case we will consider 
for now only the OB GSO projection, and set / = {t, f, s, s'}. 

3. d = 2 mod 4 : The spinorial representations are exchanged by charge conjugation, so 
the gluing condition can be solved in the Ramond-Ramond sector only when choosing 
the OA GSO projection. So we consider the OA GSO projection in this case and set 
I = {tJ,s,s'}. 

4. The cases d = mod 4 with OA GSO projection, and d = 2 mod 4 with OB GSO 
projection will be treated further below. 

We therefore have one Ishibashi state for each element of the set / : \x)) £ © H^, Vx G /. 
We normalize them as : 

ll:,\q\{L.+U^4,)\y)) = 6,,ySt°xM ■ (4.6) 
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where again, the modular S matrix of 5o(d)i and Xx{q) is the speciahzed character of Hx, 
X £ I. From these Ishabashi states we can construct the following elementary boundary states : 

\Bferm,x) = ^^^l^)) " 
y^I ^ty 

The maximally symmetric supersymmetric boundary states for the are therefore given 

by: 

|S,/i,x) = l^feos,/^) ® \Bferm,x) . 

It is obvious that these boundary states satisfy the Cardy condition, because the |-B^,gfc) and 
\Bx,5'o{d)i) satisfy it separately. 

It is instructive to compute explicitly the ratio appearing in the expression for the 50(^)1 

ty 

boundary states : 



y\x 


t 


/ 


s 


t 


1 


1 


V2 


f 


1 


1 


-V2 


s 


1 


-1 






d odd 



y\x 


t 


/ 


s 


s' 


t 


1 


1 


1 


1 


f 


1 


1 


-1 


-1 


s 


1 


-1 


(_l)d/4 


(_l)d/4+l 


s' 


1 


-1 


(_l)'i/4+l 


(_l)<i/4 



We see that for odd d, \B,iJ,,f) describes the anti-brane of \B,fi,t) (the sign of the Ramond- 
Ramond component of the boundary state is reversed). \B,n,s) describes a brane which does 
not couple to the closed string Ramond-Ramond sector, therefore we do not expect it to carry 
any conserved charge. 

For even d, we see that for each n G , we have two boundary states \B, ix, t) and \B, /x, s), 
together with their respective anti-branes \B, /) and \B, /j,, s'). Note that \B, ^, t) and \B, ^, /) 
satisfy the gluing conditions (|4.4|) with e = +1, while \B,fi,s) and \B,ij,,s') satisfy the gluing 
conditions with e = — 1. Therefore they preserve different supersymmetries. Interestingly, seeing 
the type GSO projected free fermions as a sb(d)i WZW model provides straightforwardly the 
consistent fermionic boundary states. When building them directly from the free fermion theory, 
one obtains a bigger set of branes, which has to be reduced to the set found above by considering 
the consistency of the open string CFTs between these branes (see for instance f5l], section 2.3). 

We still have to consider the cases when d = mod 4 with OA GSO projection or d = 2 
mod 4 with OB GSO projection. In these cases, one finds two 50(^)1 Ishibasi states \t)) and |a)) in 
the NS sector, but there is no way to solve the gluing condition in the Ramond-Ramond sector. 
Still, the states 2|t)) it 2|/)) are admissible boundary states. Tensoring them with a maximally 
symmetric boundary states |i?^,BA;) yields consistent boundary states for the sWZW model. 
Indeed, these states are nothing but the states \B,fi,t) + \B,fi,f) and \B,iJ:,s) + \B,fj,,s'), 
which are (non-elementary) maximally symmetric boundary states for the sWZW model with 
opposite GSO projection. They lead to consistent open string partition function, because the 
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two GSO projections coincide in the NS-NS sector. Just like for the third elementary boundary 
state in the odd d case, we do not expect them to carry any charge, due to the fact that they 
do not couple to the Ramond-Ramond sector. 
Finally, we remark that we have : 

\B,fi,x) = W^W^°\B,0,t) , 

where and are Wilson operators associated respectively to Qk and 5b(d)i, as defined in 
the previous section. is a normal ordered series in the current J, which commutes with J. As 
J commutes with V' and as the superconformal generators can be expressed in term of J and tp, we 
deduce that commutes with the superconformal algebra. Similarly, is a normal ordered 
series in the current J^o which commutes with Jgo- Its eigenvalues can be found in the two tables 
above, and one checks that commutes with tp when x = t, f (actually Wf° is always the 
identity operator), while it anticommutes with tp when x = s,s'. As it obviously commutes 
with J, commutes or anticommutes with the superconformal generators, depending on x. 
We deduce from these consideration that given a supersymmetric boundary state \B), will 
map it onto another boundary state preserving the same supercharge, will map it onto 
its anti-brane, while Wg° and will map it onto the corresponding brane and anti-brane 
preserving the opposite supercharge. (It will reverse the sign of e in the gluing condition (|4.3p .) 

4.2 Twisted D-branes 

In the bosonic case, the twisted D-branes satisfy the following gluing conditions on the Kac- 
Moody currents : 

{j^l + n{rj)\B) = o. (4.7) 

where Q is the outer automorphism of Qk induced by an outer automorphism of the correspond- 
ing finite Lie algebra g. (We will denote the latter by the same symbol O.) We want to construct 
supersymmetric boundary states in the WZW model such that the condition (|4.7p is satisfied 
by the full current J generating g^. 

The fermionic field tpi^z) is g- valued, hence Q acts naturally on it. This defines an automor- 
phism of the chiral algebra c. Using the fact that is an orthogonal transformation preserving 
the Killing form on g and an automorphism of the Lie bracket, one can check that il. leaves 
invariant both L{z) and G{z). The action of on ipiz) extends to an action on the s'o{d)i 
current J^o- This action is given by ad^, seeing Q as an element of 0{d). 

It follows from these considerations that we can readily apply the familiar construction of 
twisted boundary states [l3l[2l] to the bosonic WZW model based on Qk ©6o((i)i, with auto- 
morphism given by X ad^. The resulting boundary states are products of twisted boundary 
states for Qk and for sb(d)i, because the automorphism factorizes. 

The twisted boundary states for g^ are indexed by the weights /i € P^j^ of 0-twisted 
representations of g^. 

The fermionic boundary states are indexed by ad^ twisted representations of s'o{d)i. We 
have to distinguish several cases again : 

• det = 1 : When O belongs to SO{d), the twist is inner in the fermionic sector. The 
twisted boundary state is given by the action of Q. on the maximally symmetric boundary 
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states \Bferm,x) constructed in the previous section. For even d, they have a non-trivial 
component in the Ramond-Ramond sector when we choose the OB (OA) GSO projection 
for d = mod 4 (d = 2 mod 4). 

• det = —1 and d odd : Q ^ SO{d), but it can be written as —Q' where Q' £ SO{d). 
Therefore the twist on 5b(d)i is inner, given by ad^/. The twisted boundary state is given 
by Q'\B fi.rm, x) . Because of the relative factor of —1 between O and O', the resulting 
twisted boundary states \Bff,rm,^,x) preserve the opposite supercharge (with e = — 1 in 

gD). 

• det ft = —1 and d even : Then up to some inner automorphism, Q is the outer automor- 
phism exchanging the two fundamental weights associated with the spinorial representa- 
tions. So these boundary states can have a non-trivial component in the Ramond-Ramond 
sector only when d = mod 4 in the OA case, and when d = 2 mod 4 in the OB case 
(the opposite as for maximally symmetric boundary states). They are labeled by the 
integrable weights {t, /} of the twisted Kac-Moody algebra D^^i^ at level one. 

All in all, provided we choose the right GSO projection, we get the following set of twisted 
supersymmetric boundary states : 

\Bn,il,x) , fi G P^,^ , 

where x G {t, f, (s, s')}, s' appearing only in the case where det $7 = 1 and d is even, and s being 
absent when detfi = —1 and d is even. \B^,il,t) and \Bfi,il,f) are each other's anti-brane. 

It follows from the general theory of twisted boundary states [UllS^ that these states 
satisfy Cardy's condition. They are supersymmetric because they satisfy (|4.7p as well as the 
corresponding gluing condition on the fermionic modes : 

{rn + ien{r-J)\Bn,fi,x) = 0. (4.8) 

This implies the gluing condition : 

{Gr-ien{Gr))\Bu,fi,x) = , 

which implies (|4.3|) because G is invariant under Q. 

Remark that just like for supersymmetric maximally symmetric boundary states, products 
of Wilson loop operators like W^W^° act on these states. 

4.3 Coset D-branes 

Let dfc' C 0fc be a Kac-Moody subalgebra generated by an embedding o C g of reductive finite 
Lie algebras. In |46l|4Tl[47] , the authors considered the bosonic WZW model based on Qk and 
constructed branes preserving only Ofc/ © 0fc/ofc' C Qk, where Qk/c^k' denotes the coset vertex 
algebra, ie. all the normal ordered products of generators of Qk commuting with the elements 
of dfc' . 

Again, we want to find the corresponding supersymmetric boundary states for the sWZW 
model. We will see that the construction of [H] can be used without any further modification. 
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once the proper Kac-Moody subalgebra C Qk ©50(^)1 has been found. Supersymmetry of 

the resulting boundary states will follow from a simple reasoning using Wilson operators. 

So consider an embedding of a semi-simple finite Lie algebra in g, with embedding index 

X. It will be useful to choose the orthonormal basis {e"} of q so that the first da vectors generate 

0. Capital indices A, B, C, ... will run from 1 to da- 
Let us define the "partial" current [52] : 

Jn =Jn+ \fABC ^r^^n-r , (4-9) 
r 

where as always the sum on r is on half-integers in the Neveu-Schwarz sector and on integers in 
the Ramond sector. Note that the partial current differs from the restriction J|o of the bosonic 
current J to a, because the sum on the Lie algebra indices B and C on the right hand size is 
restricted to a. It generates a Kac-Moody subalgebra C Qk ©50(^)1, where k = xk — h"^ , h"^ 
being the dual Coxeter number of a. This current satisfies : 

but in general it does not commute with V^la^; the component of the fermionic field associated 
with the orthogonal complement of a in q. Define furthermore : 



(4.10) 



^ ^ / 

G^J°^ = Gr — {Ga)r ■, 

m r ^ ^ 

where the term in parenthesis on the third line should be added in the Ramond sector only. 

The crucial properties of G^/" and L^/" is that they commute with J and ipla [52]. Therefore 
they also commute with and L°. 

Let denotes the integrable highest weights for o^, and S^^ be the modular 5 matrix 
of Or. Now consider a Wilson loop operator W^, a £ P^k.^ built from the classical current 
corresponding to J . Then commutes with the current J , and it acts by scalar multiplication 
by -g^ on any highest weight a^-module appearing in TL. Moreover, it can be expressed as a 

Or 

normal-ordered series in J, so it also commutes with V'la, with G^/'^ and with L^/". Because 
G"' and L" are expressed in term of J and 'i/'U, commutes with them, so it commutes with 
L and G. Therefore it maps a conformal supersymmetric boundary state onto a conformal 
supersymmetric boundary state. 

Starting from one of the maximally symmetric boundary states constructed above, we get 
the following coset boundary states : 

|i?co.et,/U,x,a) = W^\B,,i,x) = W^Wm'/\B,Q,t) . (4.11) 
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In particular, for a = 0, acts like the identity on the state space 7i, and the boundary 
states l-Bcoset) 0) are the maximally symmetric boundary states. Because they are built from 
maximally symmetric boundary states, in even dimension these states will have a non-zero com- 
ponent in the Ramond-Ramond sectors for d = mod 4 if we choose the OB GSO projection, 
and for d = 2 mod 4 if we choose the OA GSO projection. The fermionic modes belonging to 
the preserved vertex algebra, in particular those associated with the Cartan subalgebra of q, 
still satisfy ([^ . 

It is not yet obvious that the boundary state (|4.11l) really satisfies Cardy's consistency con- 
dition. However, one can check (see ^7\) that (14. lip is exactly the boundary state constructed 
in [H], if we choose the bosonic WZW model based on ©sb((i)i, and if we choose the embed- 
ding of O-K defined in (14. 9p . The computations in |4T] establish that the open string stretching 
between such branes fall into representations of the preserved algebra © (gfc © 5b(d)i)/oK, 
and therefore that Cardy's condition holds. 

Note that one can generalize the construction in the case when we have a sequence of 
embeddings Oi C ... C Op C g of semi-simple Lie subalgebras [47]. The corresponding boundary 
state can again be constructed from a single maximally symmetric boundary state, by the action 
of p -|- 2 Wilson operators associated to the the p subalgebras {oj}, g and 5o{d). 

4.4 Twisted coset D-branes 

The coset D-branes can also be twisted by outer automorphisms either of g or of the subalgebra 
[i6ll^[T7] . To construct their supersymmetric equivalent, one needs only to apply the results 
of [47], provided the subalgebra is chosen carefully so that supersymmetry is preserved. 

We keep the same notations as in the previous subsection. Suppose we are given an outer 
automorphism 17° of a and an outer automorphism of g. They induce automorphisms of 0^ 
and gfc, respectively (that we denote by the same symbol). The action of the automorphism of 
Ok can be extended to g^, by choosing its action to be trivial on the complement of a^- The 
resulting map is not an automorphism of g^ : it preserves only a^^BQk/ciK. We also extend both 
automorphisms on the fermionic modes by the adjoint action. 

Just as for ordinary twisted boundary states, Q'^Q is an orthogonal transformation with 
respect to the Killing form. Therefore it induces an automorphism on 30(^)1 by the adjoint 
action. 

We can therefore consider the vertex algebra and apply the construction 

of [47] to get twisted coset states : 

Cardy's condition follows from the results in this paper. The whole analysis carried out for 
twisted boundary states can be repeated to determine which is the necessary GSO projection 
for these states to have a non-zero component in the Ramond-Ramond sector. The dependence 
on the determinant of Jl^Jl is exactly the same. 

To see that these states are indeed supersymmetric, one just has to show that the operator 
G is left invariant by (l. G is invariant under O because it is an automorphism of g^. G"^ is 
invariant under 0.°^ because it is an automorphism of 0^. To see that G^/" is also invariant one 
should use the fact that it commutes with both J and ■i/'U- Therefore it belongs to the coset 
c/(flK © fo)) where 0° acts trivially, (fa is the vertex algebra generated by V'la-) 
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As for the coset boundary state, any product of Wilson loop operators of the form W°W^W^° 
acts on the twisted coset state to yield another supersymmetric consistent boundary state. 

All of the boundary states constructed in this section are encompassed in the family of 
twisted coset boundary states. Maximally symmetric and twisted boundary states are twisted 
coset states with a = g, and the twisted coset state with trivial automorphism Q° = Q = id are 
the coset (or maximally symmetric) boundary states. 

As they stand, our type D-branes are unstable : one easily check that the spectrum of 
open string on the brane contains a tachyon, while the spectrum of strings stretching between 
a brane and an antibrane is free of instabilities. A D-brane supporting a tachyon cannot carry 
any non-trivial flow invariant, as a perturbation by the tachyon field makes it decay entirely into 
closed string radiation (see for instance section 3.3 of [S3]). However, generic arguments [MIISS] 
show that the inclusion of the ghosts reverses this situation by exchanging the brane/brane and 
brane/antibrane spectrum, so that in this setting the type D-branes are stable. 



5 Supersymmetric Kondo perturbations 

We will now make more precise the link between Kondo perturbations in the open string picture 
and Wilson operators in the closed string picture, in the case of super Wess-Zumino-Witten 
models. This argument is a slightly generalized version of the one appearing in [53j . pp. 30-31. 

Consider a sWZW model on a cylindrical worldsheet x [0, 1], with worldsheet time along 
the periodic direction, and let C be the boundary x {0}. After having tensored the state 
space with (which corresponds to stacking n D-branes of the same type at one boundary), 
one can perturb the supercharge G as follows ^6] : 

AG = -lV% [ daip''ia)A'' , (5.1) 
Jc 

where the normalization of the coupling I is chosen for later convenience, o" is a parametrization 
of C and A'^ a set of n x n matrices forming a representation of a subalgebra o C with highest 
weight r, and acting on the C" factor of the state space. The maximally symmetric case is 
included, when = 5. 

We choose the same convention on the Lie algebra indices as in the previous section. Capital 
indices A,B,C,... run over l,...,d(a), and indices a,b,c... still run over l,...,d. The matrices 
A^ form a representation of a while A\^± = 0. 

The perturbation (15. ip induces a perturbation on Lq, by imposing (Gq)^ = Lq — ^ in the 

Ramond sector and |Gi,G'_i| = Lq in the Neveu-Schwarz sector. It reads : 

2 2 

n r,s 

Note that up to a term of order P, the right hand side coincides with the bosonic Kondo 
perturbation (|3.14|) . Using the definitions (|4.9|) of the partial current J' and (|4.10|) of partial 
Virasoro generator L"^, in the NS sector, we can rewrite the zero mode of the perturbed stress 
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tensor : 

n r,s 
n ^ ^ r 

+l{lk - l)fABcY.'f'UfA<''^ + Lg/-^ 



r 



n 

+ ^/(Zfc - 1)Ubc E V'.^^f + ^o'^" • 

r,s 

We wrote Lq explicitly, expressed J in term of J', developed the last term and rearranged the 
terms. In the R sector the same computation holds verbatim, except for proper inclusions of 
the central terms and 

It is not known how to treat this perturbation for generic / beyond perturbation theory. 
But at the special coupling value I = k~^, the operators J'^ + IkA^ satisfy the commutation 
relations of the Kac-Moody algebra o^. The perturbed Hamiltonian is therefore quadratic in 
the fields of © fa © c/(Ok © fn). We expect the states of the perturbed theory to fall into 
modules for the bosonic part of this chiral algebra © (g^ ©5'b(d)i)/dK. We will see now how 
the Hamiltonian can be diagonalized. 

Consider a highest weight module ff^ ® for Qk ©30(^)1, where fj, and x are integrable 
highest weights for and sb((i)i, respectively. This module breaks into submodules for d^ © 
(gfc ©50((i)i)/dK : 

® = © © ® H(^,.,.] , 

[ll,X,cr] 

where a G P^^^ is an integrable weight of d^, x, a] labels coset primary fields and H^^^ g-] 
the corresponding module for the coset algebra (Qk © sb((i)i)/dK. 

The fields in the coset (gfc©sb((i)i)/dK are left invariant under the perturbation (|5.1I) . but we 
saw that the components of the current generating d^ are modified as >—i- J^^ = J^^ + A^ . 
If we manage to decompose H° © C" into highest weight modules for the modified current, we 
will have diagonalized the perturbed Hamiltonian. It will then be easy to identify the perturbed 
theory from its spectrum. 

© does not contain any highest weight vector for the perturbed currents. However, 
one can look for highest weight states in a completion C^^n of © C", namely the full linear 
span of iJ^ © C" (see [TT] for a more detailed version of the following argument). The vertex 
operators of the WZW model [571(58] intertwine the action of J and J in C(j,n- The number of 
linearly independent vertex operators intertwining the action of J on © C" and the action 
of J on C C(j,n is exactly given by the fusion rules J\f^^ of d^. We therefore have an 
embedding : 

© C , (5.2) 
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where we use a multiplicative notation to denote the direct sum of several copies of the same 
module. Note that the vectors of C C^^n are not normalizable with respect to the original 
norm on C", but that one has naturally a "renormalized" norm on the subspace (|5.2p of 
CfT^n induced by the inclusion. 

Suppose for definiteness that the original open string theory described strings stretching 
between maximally symmetric D-branes of label and (A, y). The state space of the 

original theory is given by : 

M^^ and Mri-y being the fusion rules of Qk and sb(d)i, respectively. The discussion above allows 
us to identify the state space of the perturbed theory as : 

© © © AA,j:AAri^>A4,^i^[t%,.] , 

where the sum over a and v runs over integrable ciK-weights and the sum on [u, z, a] runs over 
coset primary fields. The corresponding partition function reads : 

Zpertiq) = E E E ^,X:K^xi{q)xl^,.,4q) , 

where Xv and z a] ^'■^ specialized characters of and coset modules. Comparing with 
[41| . we see that this partition function describe open strings stretching between the D-branes 
corresponding to x) and |-Bcoset) A, y, r) = W°\B,\,y) . 

Therefore we see that there is a fixed point of the flow induced by the perturbation (IS.ljl . 
In the closed string sector, this fixed point is obtained from the unperturbed CFT by the 
insertion of the Wilson operator into the cylinder amplitude. We see in particular that the 
IR fixed point theory is superconformal, due to the fact that commutes with the generators 
of the superconformal algebra (see the discussion in section 1^^ . Note that in the maximally 
symmetric case : a = g, the corresponding Wilson operator is Wt , which is constructed using 
the bosonic current J. 

Hence the generalized Kondo flows take the form dr\B) ^ W^\B). This result will allow us 
to check explicitly that the charges that we will assign to supersymmetric boundary states are 
invariants of these flows. 

6 Test states : the cohomology of the supercharge 

As explained in section O our aim is to measure the charges of the D-branes by formally 
computing their coupling to massless Ramond-Ramond states. We also remarked that such 
states do not exist in the state space of the sWZW model, so we will have to look for them 
in a generic highest weight module for the chiral algebra c. Of course, a non-trivial part of 
our procedure for measuring the charges will be to complete the boundary states in the virtual 
sector containing the massless Ramond-Ramond states in a consistent way, in order to be able 
to compute the charges as overlaps, but this will be not be undertaken before the next section. 
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6.1 Test states 

Let us write D± := ±Go + iGo. We have = For definiteness, let us decide that we are 
interested in measuring the charges of supersymmetric boundary states satisfying D^\B) = 0. 
The treatment of the boundary states supersymmetric with respect to the other supercharge is 
completely similar. 

The first task is to identify a minimal set of test states. We will restrict to test states which 
are supersymmetric with respect to D^, hence they should satisfy : 

D+\RR) = 0. (6.1) 

Non-supersymmetric test states do not seem to extract invariants of boundary RG flows from 
the boundary states. 

But we can restrict this set further : any test state of the form \RR) = D^\RR') would have 
zero scalar product with a supersymmetric boundary state \B) satisfying D-\B) = 0. Hence 
our test states are in bijection with the elements of kerL'+ modulo ImD^, that is with the 
elements of the cohomology of D+. Note that (-D+)^ = (Gq)^ — (Gq)^ = Lq — Lq always vanishes 
on states satisfying the level matching condition, so ImD^ C kerZ)+. 

Let us examine now the condition that the Ramond-Ramond states should be massless. 
They are linear combinations of states of the form \RRb) \RRf) where \RRb) £ and 
\RRf) lies in the Ramond-Ramond part of the 5b(d)i state space Ti-x- We can readily see that 
there is no massless RR field in the physical state space of the model. Indeed, their masses are 
given by : 

(Lo + Lo-^) \RR) = (h^RRb) + h^RRf) - ^) \RR) , (6.2) 

where h denotes the conformal dimension of the states. The nonexistence of massless Ramond- 
Ramond fields follows from the inequalities h\RRb) > 0, h\RRf) > f and c = 2{k+hy) ^ [31j . 

If we want to pursue this approach, we have to look for states outside the physical state 
space of the model. So let us study the cohomology of on any highest weight module of the 
form : 

Vx = Hl® Hi, ® Fl^ , (6.3) 

for A an arbitrary weight of Q at level k. is the unique irreducible highest weight module 
with highest weight A, and is the Fock module for 2d real fermions in the Ramond sector. 
H^t is the conjugated module to H^. It is generated by the action of Qk on a state |A*) of 
weight —A, annihilated by the positive modes of the current J, as well as the zero modes of the 
generators associated to negative roots. The component {Hl,)n of H^, at a fixed grade n < 
is therefore a lowest weight module for the horizontal Lie algebra j^. 

Using (|6.2|) . it is possible to guess for which choice of A we may obtain massless Ramond- 
Ramond states. Restricting our test states to be states of grade zero in Va, (|6.2p yields the 
equation : 

c {X,X + 2p) d Zk + h^ ^ ^ ^ 

= h\RR,^ + h\RRj^ --= ^^^v + 8 - 24(A: + /.v)^ ^^-^^ 



■^Integrable modules decompose into finite dimensional g-modules at each grade, which makes this distinction 
between highest weight and lowest weight modules irrelevant. The situation is different when considering non- 
integrable modules, which generically decompose into infinite dimensional Verma g-modules. This is the reason 
why we now have to distinguish in notation Hf^ from H^. 
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^(A,A + 2p) + — = 0. 

By the Preudenthal-de Vries strange formula, this equahty is satisfied when A = — /?, where p 
denotes the Weyl vector of g (half the sum of the positive roots). Therefore Ramond-Ramond 
ground states are massless on the grade zero subspace of V-p. Note that the module V-p is the 
only one among all V\ satisfying this condition, because —p is the global minimum of (A, A + 2p). 
We will now compute the cohomology of Z)+ on this subspace. 



6.2 The cohomology of the supercharge 

As we saw above, in V-p, the kernel of Dj^ is contained in the grade zero subspace (l^-p)o (with 
respect to Lq). On this subspace. Go takes the simpler form : 

Go|(y_,)o = -^(«-^/a6cV'SV'gV'§) • 

This operator appeared in the mathematical literature in |59| as a differential on the non- 
commutative Weil algebra, and in a more general form in [60] as the "cubic Dirac operator". 
Note also that the deformation of Go induced by (|5.ip was studied in [6l], in the context of the 
computation of the twisted equivariant K-theory of compact Lie groups. 

To compute the cohomology of on (F_p)o, we will use a homotopy operator. The goal 
is to find H such that = P, where P is an operator which commutes with and 

which is invertible on a subspace Vp complementary to ker P. The existence of such an operator 
implies that the cohomology of Z)+ is trivial on Vp. Indeed, suppose that we have some state 
\RR) G Vp such that D+\RR) = 0. Then : 

\RR) = PP-^\RR) = {D+H + HD+)P-^\RR) = D+{HP-^\RR)) , 

so that \RR) is cohomologically trivial. Moreover, as preserves kerP, the cohomology of 
L>+ on (l^_p)o is isomorphic to its cohomology on ker P. 

In our case, a homotopy operator is provided by (see (|3.11|) ) H = '\/^V'o+ '■— V^p*'i/'o+' 
where « = 1, ...,rank g runs over an orthonormal basis of the Cartan subalgebra f) of g, and p 
is the Weyl vector. Then P is given by P = — Jq + Jq = —p^[Jq — Jq), and one checks that 
P] = indeed. We should now identify ker P. To this end, we rewrite the currents Jq and 

•^0 = - ^ E /'^ E i^^y^o'^^o = + (p> p)-T. >o , 
•^0 = Jg - ^ E /'^ E i^^Yi^o'^^o = Jg - ip, p) + E " , 

i asA aSA-i- 

where A and A+ are the set of all roots and positive roots, respectively. We used here the 
non-orthonormal Cartan- Weyl basis induced from the root space decomposition of g, and wrote 
the structure constants of the Lie bracket explicitly in this basis. Vo ^^^^ mode of the 

fermion associated with e", the generator of the root space go;. We can therefore rewrite : 

P = -Jg + Jg - 2{p, p) + E (V'o "V'o" + 4>o °) • 

oeA+ 
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Note that the last term is just the fermion number operator for the zero modes of the fermions 
associated with the roots of g. 

It is now easy to read off kerP C (V^-p)o '■ it is given by the vectors with weight —p 
(p) with respect to the holomorphic (antiholomorphic) bosonic currents and annihilated by 
the holomorphic (antiholomorphic) fermions associated with positive (negative) roots. Let us 
denote highest weig ht of state H^^ (g) H^p by | - ,9). Using the notation (IXT2]) . we have : 

kerP= || -/>) ®a|e Aen+)|e G /\(]} (6.5) 

where denotes the volume form on n+, the subalgebra formed by the positive root spaces. 
a is the automorphism of induced by V'" ^ V'n'^- The action of a ensures that the states 
above are annihilated by tp^ and rather than -00 . So we know that any state 

having no component on kerP is cohomologically trivial, and we reduced the problem to the 
study of the cohomology of on ker P. 

To proceed, one can remark that on kerP, Go takes the form : 



kcrP 



where we used the fact that Jq and tpQ vanish on ker P, and made explicit the structure constants 
in the Cartan-Weyl basis. Therefore : 

-D+lkcrP = . 

Finally, as P>+ commutes with P, we see that it preserves kerP, so it is impossible to have 
\RR) = D+\RR') if \RR) £ ker P. Hence the cohomology is isomorphic to kerP, and has 
dimension 2*^, where r denotes the rank of q. We have a representative for each class, given by 
(|6.5p above. 

Note that the restriction to massless Ramond-Ramond ground states which lead us to con- 
sider only V-p among all Va's is not necessary. Indeed, using the homotopy operator H' = ^-D-, 
we get P' = Lq + Lq — As we saw in (|6.2p . P' exactly computes the mass of the Ramond- 
Ramond states, so the fact that the cohomology can be non-trivial only in the kernel of P' 
coincides with the condition for massless states. This shows that the cohomology is trivial in 
Vx for A / -p. 



To compute the cohomology of P>_ , which is used to probe the charges of the branes pre- 
serving the opposite supersymmetry, we can use the homotopy operator = \/%p^'ipQ_. Then 
P is identical, and we get in ker P a representative for each of the cohomology classes of P>_ . 

Let us adopt the following notation for our test states : 

\RR, e) = I — /?) (gi a\e A en,,.) , 

with e G /\ f). 

We take the opportunity of introducing here a grading that will be of much use in the 
remaining of this paper, adp defines a grading grp of c © c : grp(J") = {p,a) and grp(V'") = 
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depending if a is a positive or negative root. The anti-holomorphic partners have opposite 
grade. We define the total grading gr^ = /i^gr^^ + grp, where gr^^ is the grading induced by 

the zero mode Lq of the stress tensor. As the scalar product of the highest root 9 with the 
Weyl vector p is given by /i^ — 1, we see that the only operators with zero total grade are the 
components Jo|(, of the current and V'olf) along the Cartan subalgebra [) of g. This grading 
induces a non-negative grading of V-p, and kerP is the grade zero subspace. 

6.3 The generic test states 

The test states that we found are not the most general ones, however. This comes from the fact 
that the g^-module H^^ does not carry a representation of the Lie group G. It is a member of 
a continuous family of non-isomorphic modules. 

As a g-module, H^^ is a direct sum of (infinite dimensional) highest weight modules with 
respect to the principal graduation defined by adJp. That is, modules generated by a highest 
weight vector annihilated by all of the operators having a positive eigenvalue under the adjoint 
action of Jq. Recalling that the Lie group G acts by the adjoint action on the Kac-Moody 
algebra, we can choose another graduation ad(5JQ5~^), g E G. Prom this graduation, we can 
construct a gfc-module gH^^. gH^p is generated by Qk from a highest weight state \g,—p) 
such that g^Qg~^\g, ~p) = for every a € A_|_, and g]Qg~^\g, —p) = —p^\g-, —p) for every Jq in 
the Cartan subalgebra of the horizontal algebra g. \g, —p) is also annihilated by the positive 
modes J^, n > 0. The modules gH^^ form a continuous family of non-isomorphic modules. 
Put differently, the definition of a highest weight module requires the choice of a triangular 
decomposition of g = n_ © f) © n+, and the generators of the subalgebra n+ are defined to 
annihilate the highest weight vector. Considering distinct triangular decompositions of g yields 
non-isomorphic highest weight modules (except in the case of finite dimensional g-modules). 
Finally, note that the action of g^ on gH^^ is isomorphic to its action on twisted by the 
inner automorphism ad^-i. 

Similarly, one can construct a family gH^p of highest weight module for the antiholomorphic 
copy of the Kac-Moody algebra. As a g-module, gS^ is a direct sum of highest weight g-module 
with respect to the graduation provided by —a.d{g^Qg~^). 

Define the c © c-module : 

{g,g')V^p = gH%®g'H%®Fl^ . 

As mentioned above, the action of g^ on gH^p is isomorphic to its ad^-i-twisted action on 
H^p. As the superconformal generators are invariant under the adjoint action of the group G, 
{g,g')V-p also contains massless Ramond-Ramond states in its grade zero component. 

The computation of the cohomology of on {g, g')V-p can be performed similarly as above. 
All the holomorphic operators should be conjugated by g, while antiholomorphic ones should 
be conjugated by g' . The cohomology is therefore supported on the kernel of the operator : 

Note that the centralizer of Jq in G is the Cartan torus H, so the set of modules {g,g')V-p, 
g,g' G G can be tied together into a bundle GV^p over G/H x G/H, if we define the fiber 
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above the element {gH,g'H) to be {g,g')V-p. To be more precise, we take the trivial bundle 
GxGx V-p, with the action of c©c on the fiber above (g, g') to be the one realized in (g, g')V-p, 
and we quotient it by the right actions of H on each G factors to get GV-p. 

In order to keep the notation as simple as possible, we will not be very careful in distinguish- 
ing the cosets gH from representatives g. This is justified by the fact that all of the modules 
{g,g')V-p for {g,g') £ goH x g'QH are isomorphic. 

Finally, there is a natural map (pg : gH^p — > H^p. Denote by \g, —p) the highest weight 
vector of gH-p. Then we define cpg so that it sends \g, —p) on |1, —p) = \— p), and X\g^ —p) on 
g~^Xg\ — p), where X is any product of the operators {J^}. This map intertwines the action 
of g on gH-p and its twisted action on H-p (the twist being the inner automorphism ad^-i). 
There is a similar intertwining map (pg between the antiholomorphic modules. On the fermionic 
side, the transformations ■0" i— > g~^ipng and ip'^ ^ 9'~^4'n9' induces an automorphism (p^g g'^ of 
F^. More precisely, (^fg g'-j is defined by : 

'^(g,g') = ° 4 ' ^^-^^ 

where g-^p and g'^ denote the images of the elements g,g' £ G by the holomorphic and antiholo- 
morphic representations of G on F^. (Infinitesimally, these two representations are generated 
by the zero modes of the fermionic currents (|3.2I) and of their antiholomorphic counterpart.) 
We can therefore define the following intertwining map : 

^i9,g') =^9'^ 4'a' ® ^fg,g') ' (6-7) 

which identifies {g,g')V-.p and V-p as vector spaces. 



6.4 Gluing conditions and shifts on the group 

The problem we will be interested in in the next section will be to solve in GV-p the gluing 
conditions satisfied by the boundary states. Such gluing conditions take the form of a set of 
equations of the type : 

{X + X')\B) = Q , (6.8) 

where X and X' are operators belonging respectively to the holomorphic and antiholomorphic 
copy of the chiral algebra c. Suppose we are trying to solve (16. 8p in the fiber {g,g')V-p. The 
action of g in {g,g')V-p is only the action in V-p twisted by the inner automorphisms ad^-i 
and adg/-i on the holomorphic and antiholomorphic side, respectively. Hence we readily see 
that solving (|6.8|) in {g,g')V-p is equivalent to solving the following gluing conditions in V-p : 

{g~'Xg + {gr'X'g')\B)=0. (6.9) 

More precisely, if we denote by \B(^g^gi-^) the solution of (|6.8p in {g,g')V-p, and \B'^-^^^-^) the 
solution of (|6.9|) in V-p, we have 4'{g,g')\B(g^g')) = \B'^^ ^^). 
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6.5 Action of quantized Wilson loop operators 



Given a Kac-Moody algebra, one can construct quantized Wilson loop operators. These opera- 
tors are series in the Kac-Moody current, and have a well-defined action on any highest weight 
module for the given Kac-Moody algebra. In particular, they will have a well-defined action on 
V-p and on the representatives of the cohomology in ker P. 

The computation of this action is straightforward for maximally symmetric Wilson opera- 
tors. The relevant Kac-Moody algebra is Qk (recall that this is the Kac-Moody algebra generated 
by the bosonic current J), and the Wilson operators are the quantum equivalent of the classi- 
cal Wilson loops (|3.15ll with the matrices A°- forming a representation of q. Prom the general 
formula (I3.16P giving the eigenvalue of on a Verma module of arbitrary highest weight rj at 
level k, we see that replacing rj = — /?, we get : 

= d^lv_, on V.p , (6.10) 

where dp is the dimension of the representation A of g of highest weight fi. 

The symmetry breaking Wilson operator is associated with a subalgebra generated by the 
partial current J (see (|4.9|1 ). It acts by scalar multiplication on the highest weight o^-modules, 
with eigenvalue given by (|3.18p . So we have to find which d^-modules intersect kerP, to find 
the action on the representatives of the cohomology. A little algebra yields : 

J^\RR,e)= (^4 + ^fiABi^^i^^yRR,e) 

1 \ (6.11) 

- 2 ^ " I |i2i?,e) = -p;|i?i?,e) , 
"eA+ / 

where A+ is the set of positive roots of a, and pa its Weyl vector. So all the states in ker P 
belong to Os-modules of highest weight —pa- Using the formula (I3.18P giving the spectrum of 
the symmetry breaking Wilson operator W^, we get again : 

= driver P On ker P , 

where dr is the dimension of the representation of o used to build the Wilson loop. 

Note that all of these eigenvalues are integers : it will be a crucial fact to ensure that the 
charges are quantized. 



7 The charges of sWZW boundary states 

In this section, we put the elements gathered in the last three sections together, and show 
how to associate to a given supersymmetric boundary state a quantity invariant under the 
generalized Kondo renormalization group flows. Then we compute the charges of the various 
branes constructed in section HI 
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7.1 The general prescription 

In the previous section, we had to look for Ramond-Ramond test states in the bundle of modules 
GV-p. Because these modules are not part of the state space of the sWZW model, we cannot 
directly take a scalar product between the boundary state and a test state to compute their 
coupling. A prescription is therefore needed to measure the charge of the boundary state. 

Obviously, one should add to the boundary state \B) a component |i3-p) in kerP, to get 
a completed boundary state \B). The charge associated with the test state \RR,e) carried by 
\B) will then be given by {B\RR,e). 

To do this in a natural way, we first solve the gluing conditions defining the boundary state 
in each of the fibers of GV-p. In general, these gluing conditions cannot be solved in an arbitrary 
fiber, but only in the fibers above a submanifold M C G/H x G/H. What we would like to 
do is to look for the component of the solution on the cohomology in each fiber, map it onto 
kerP with (p(g,g') (defined in (|6.7p ). and then average it over M. We do not know yet how to 
do this precisely given arbitrary gluing conditions. However, this program can be realized for 
the boundary states of section HI 

We will see that these boundary states satisfy well-defined gluing conditions on tp\if. This 
property ensures that whenever we can solve the gluing conditions in some fiber {m,m')V-p, 
(m, m') G M, the solutions determine a one-dimensional subspace of the cohomology of the 
supercharge. Moreover, solving the original gluing conditions and mapping them back into 
kerP is equivalent to solving effective gluing conditions directly in kerP, with automorphism 
Q{in,m') _ o Q o adm- After showing that M is a disjoint union of connected components 

on which the effective automorphism is constant, we will produce a formula performing an 
average of the solutions on the finite set of connected components. This fixes a component of 
the boundary state in ker P up to a normalization constant c. 

Finally, c can be determinecil by considering the action of Wilson operators on the completed 
boundary state. This gives a component |P-p) to the boundary state \B) on ker P. 

This procedure is consistent with the symmetries of the theory, in the sense that two bound- 
ary states differing by a shift on the group manifold are assigned the same component |P-p), 
so they carry the same charges. This would not be the case if we restricted ourselves to a 
particular fiber of GV-p. We will also check later that the charges obtained in this way are 
consistent with the intuition one may get from geometrical considerations. 

We will now elaborate on the steps occurring in the procedure described above and justify 
our statements. 

7.2 Solving the gluing conditions 

Any supersymmetric boundary state satisfies a set of gluing conditions. Indeed, arbitrary cor- 
relators in the presence of this boundary condition should be invariant under superconformal 
transformations leaving the boundary fixed. This requirement translates into the gluing condi- 
tions (|4.2|) and (|4.3p imposed on the corresponding boundary state. For all the known boundary 
states, however, the algebra preserved is much larger than the superconformal algebra, and ad- 
ditional gluing conditions are satisfied, as we noticed in section HI Whenever the partition 

slight indeterminacy is left, see the remarks in section [7. 101 
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function for open strings stretching between a given brane \B) and a maximally symmetric 
brane decomposes into characters of a subalgebra 5 C c, \B) satisfy the gluing conditions : 

{X -{-if''^n{X))\B) =0 (7.1) 

for every generator X of conformal dimension hx in 5. Here is a map of c into c satisfying 
the intertwining relation y]) = [r2(X), r2(y)] for X,Y £ 5, but it does not necessarily 

preserve s, and it can send it to another isomorphic subalgebra of c. 

According to the prescription formulated above, one should start by solving the gluing 
conditions in GV-p, that is in each of the fibers {g,g')V-p, with {g,g') G G/H x G/H. By the 
remark of section [631 solving (|7.ip in (g,g')V-p is equivalent to solving : 

ig-'Xg-i-if^-g'-'n{X)g')\B)=0 

in V-p. After relabeling the subalgebra g^^sg 5 and the automorphism ad^^-i o i7 o adg 0, 
the gluing condition can be rewritten in the same form as (|7.ip . So we can restrict our discussion 
to solutions of (|7.1|) in V-p. 

So consider the chiral algebra c of the sWZW model, equipped with the total grading gr^^ 
defined in section 16.21 The subalgebras s which can occur as symmetry algebras preserved by 
boundary states are conformal vertex subalgebras of c. Their generators are series of normal 
ordered products of generators of c with well-defined grade. Therefore they decompose into 
subalgebras of negative, null and positive grade : s = 5_ ©Sq ©s+. 

We first extract a necessary condition for (|7.1I1 to have solutions. Any solution \B) to the 
full set of gluing conditions restricts onto a solution of the bosonic gluing conditions after 
restriction on the even part {V-p)^. This even part is given by H-p © © H-p © H^°, where 
jjso ^ ffBo ^ ffBo jf ^ jg g^gj^ and by H^~° = iff if d is odd (see section [fl]). It is well 
known [62] that after reinterpreting H-p®H^° as the restricted dual H-p(^H^° , the solution 
\B)'^ becomes an operator B : H-p © — > H-p © ii^", and the bosonic gluing conditions 
state that B intertwines the action of and the action of Vls^ , the exponent h denoting the 
bosonic part. A necessary condition for the existence of such an intertwiner is that maps the 
generators of 5^ represented by pronilpotent operators in H-p ® H^° onto elements represented 
by pronilpotent operators. Pronilpotent means that for each vector in H-p © H^° ^ there is a 
power of the pronilpotent operator sending it to zero. This is obviously the case for all the 
operators in c_, and never the case for any operator in C-J^. Therefore it is mandatory that : 

C c_ and J^(s^) C c+ . (7.2) 

If this is not the case, there is no solution of (|7.1|) in V-p. If this condition is verified, we can 
proceed. 

The irreducible highest weight s-modules appearing in the decomposition of c-modules are 
labeled by a set P^. The modules for the subalgebra are also classified by P^, because 5 and 
rjs are isomorphic. One can define an action of Q. on P^. Indeed, one can see each irreducible 

^To be precise, this is true only for Lo-grade zero operators, because there is no null vector at grade zero in 
H-p. However, ^ always preserves the Lo-grading, it is suflEicient to consider operators at Lo-grade zero. 
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highest weight Os-module , ( £ Pg, as a 5-module, by composing the representation map 
with Q. H^^ equipped with the action of s is isomorphic to some irreducible highest weight 
5-module H^^. 

To solve the gluing condition (17.11) . V-p should be decomposed into irreducible highest 
weight modules for 5 © ils, of the form ® H^,^, and the gluing conditions (|7.ip can be solved 
in the summand H^(>i)H^,^ if and only if = When this relation is satisfied, we can see H^,^ 
equipped with the action of s as H^. Choosing an orthonormal basis {vn} of H^, the coherent 
state \vn) \vn) solves (IT.ljl . See fS^, section 2.1 for a detailed derivation. 

Remark that once the polarization s = s_ © Sq © s+ has been fixed, the isomorphism 
class of an irreducible highest weight module H^, is completely defined by the action of the 
operators generating Sq on the grade zero subspace (-ff^)o- Indeed, consider the module 
freely generated from (-ff^)o by s+, the subalgebra of operators of positive grade. is obtained 
by the quotient of by its maximal submodule, which is generated by the action of s+ on all 
the null vectors of M^. But the condition that a vector is null involves only the action of Sq on 
{H^)q. We see therefore that if the gluing conditions (|7.1|) for the elements of Sq can be solved 
on the highest weight subspace of © H^,, we have C' = and there exists a solution to the 
whole set of gluing conditions. 

As we eventually aim at taking a scalar product between \B)^p and a test state \RR) £ ker P, 
we are only interested in the component of the solution of the gluing conditions on ker P. By the 
discussion above, to find this component it is sufficient to solve on ker P the gluing conditions 
involving operators of total grade zero of s (provided Q satisfies (|7.2|) . of course). 

Let us now be more specific. Recall that all of the boundary state constructed in section 
m are specific instances of twisted coset boundary states. It is instructive to study the chiral 
algebra they preserve : s = © fa © © fa)- is generated by the partial current J (|4.9p 
and fa by ip\a. The coset algebra c/(Ok © fa) is formed by all the normal-ordered products of 
operators of c which (anti)commute with OK©fa. First, note that the full current J\a restricted 
to a belongs to © fa. Consider now the fermionic fields V'Ifji associated with the orthogonal 
complement [)-*- of a in the Cartan subalgebra f) of g. Obviously, VI fj^ commutes with any 
fermionic field associated to o, because of orthogonality. It also commutes with the full current 
J|a, again because of orthogonality. Therefore tp\ij± belongs to £/(&«; © fa). Finally, using the 
same argument, we see that J\f^± £ i/io-n © fa)- So J|(, and -01 fj belong to the preserved chiral 
algebra. Using the notation of the previous paragraph, we proved that Sq = Cq for generic 
twisted coset boundary states. 

The gluing conditions satisfied on this subspace are given by : 

{^l,i + i^l{i,i))\B)=^, 
{Jl+^{JI))\B)=Q, 

where j is an index running on the Cartan subalgebra of g and O is the product of an auto- 
morphism of g and an automorphism of o. As it preserves the Killing form, it is an orthogonal 
transformation of g. In general it does not preserve the Lie bracket, however. 

We can now derive another necessary condition for the existence of a solution to the gluing 
conditions. By definition, O preserves the Lo-grading, and also preserves the real form of the 
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Kac-Moody algebra g. Remark that the only real grade zero generators with a nontrivial kernel 
in V-p are Jq , the generators of the Cartan subalgebra, which vanish on ker P. The other real 
generators of grade zero have a trivial kernel in V-p (they are basically sums of positive and 
negative ladder operators). Therefore the set {Jq} is necessarily preserved by the intertwining 
map 5, so Q has to preserve the Cartan subalgebra of g. 

The necessary condition (|7.2|) applied to coset fields forces O to preserve the whole triangu- 
lar decomposition of g, and not only the Cartan subalgebra. This fact can be seen as follows. 
Consider the coset generators with non-trivial g-weights and zero Lo-grade. As the coset gen- 
erators are normal ordered products of generators of c, their weights belong to the root lattice 
of g. (They are also necessarily orthogonal to the weight space of a, else it would be impossible 
for such operators to commute with the Cartan generators of o.) Any operator of this type 
which weight is not a linear combination of the simple roots with negative integer coefficients 
is necessarily pronilpotent. The fact that such operators have to be mapped among themselves 
by Q forces the latter to preserve the triangular decomposition of g. 

To summarize, the gluing conditions are solvable in the fiber above (m, m') only if ad^/-i o 
Qoatdm preserves the triangular decomposition of g. Remark that the gluing conditions imposed 
on the bosonic fields are trivial when we consider them in kerP, because the full currents in 
the Cartan subalgebra vanishes there. So the component of the solution in ker P is determined 
by the gluing condition on the fermionic zero modes. 

If Q is an involution, these fermionic gluing conditions force the component of the solution 
to (|7.3p in ker P to be (up to normalization) : 

(^im,m')) = \- P) '^o-\enen+) = \RR,eQ) , 

where we chose a basis {h^} of f) which diagonalizes Q and defined the volume form on the 
eigenspace of eigenvalue —1 : = Aj|r2(/iJ)=— 

In general, we have to choose a lift of G 0{r) into Pin+{r), where r is the rank of g 
and we see Q as an orthogonal transformation of the Cartan subalgebra. Such an element of 
Pin+{r) can be expressed as a polynomial in the fermionic antiholomorphic generators {V'q}- 
By definition, (l satisfies ^{ipl) = a(r2)^QJ7~-^, where a is the involution ad^_-^^:f . {a multiplies 
odd Clifford elements by —1 and leaves invariant even elements). The solution to the gluing 
conditions (|7.3p therefore reads : 

\RR, e-{rn,m')) = ^\RR, 1) • 

Let us remark that in the case of interest to us s = © fo© c/(Ok © fn), whenever we can 
solve the gluing conditions, the solution determines a one-dimensional subspace of ker P. 

7.3 Averaging 

We describe now how to average over M the component of the solution on the cohomology. We 
must first study the structure of the manifold M . In the previous section, we defined M as the 
set points {g,g') € G/H x G/H such that Q^^'^'^ := ad^z-i oU o adg preserves the triangular 
decomposition of g. 
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Consider the subalgebra o which Lie bracket is preserved by Q, and its corresponding Lie 
group A C G. Q maps o on another subalgebra C 0, isomorphic to a. After exponentiation, 
O can be seen as a group isomorphism from A to A^ := exp o^. Note however that usually this 
map does not extend naturally to a map from G to G. Consider now pairs of elements (a, Oa), 
a G A, and = ad(na)-i o o ada. ^("■'^"■') coincides with Q on 5. Indeed, if we write 

a = e^, X € a, then ila = exp Qx and we have for a generic X £ 5 : 

f^(a,ca)^^) = e-^^17(e^Xe-^)e^^ = n{X) . (7.4) 

If X is a coset field, the last equality is true because X commutes with and Q{X) commutes 
with e^^. If X is a field in a © fa, then Q satisfies the intertwining property Q{e^Xe~^) = 
e^^Q{X)e~^^ , so (|7.4p is true as well. This shows that for any {m,m') £ M, {am,Q.am') £ M. 
Moreover, the images in ker P of the solutions to the gluing conditions above these two points 
are the same, because the effective automorphism in V-p is the same. 

Let us now fix an arbitrary point (m, m') £ M, so that O^"^'"^ ) preserves the triangular 
decomposition of Q. Another class of solutions are provided by pairs of elements {w,w') of the 
Weyl group of g such that w'~^ o ) o w still preserves the triangular decomposition of g. 

Such a pair {w,w') can be written as {adg^ , adg^,) with gw,9w' £ G, so {mgw,m'gw') £ M. 
Let us call W the set of pairs (u), w') satisfying the condition above, modulo the left action of 
elements of the form (ad^-i^^, ad^/-i(f^a)„/). 

We see that M contains a submanifold of the form |J- Mj, where each of the Mi is generated 
from a point {m,m') by the left action of the elements (a, Oa), and the Mj's are the images of 
Mq 3 {m,m') under the right action of {gw,9w'), {w,w') £ W . It seems that this exhausts all 
of the solutions to the gluing conditions, so that M = jJ^Mj, but we do not have a proof of 
this statement. 

Suppose that M = |J- Mi as described above. Then W parametrizes the components Mi 
of M. We saw that the automorphisms associated to points in a given component Mj of M 
coincide. The corresponding gluing conditions have therefore the same line of solutions in kerP 
and we should be able to reduce the average to a sum over the connected components Mj. This 
can be done as follows. 

Any element w of the Weyl group can be seen as an orthogonal transformation of \}. The 
transformation e{w)w has determinant 1 for any Weyl group element w. Hence it can be lifted 
to an element w of Pin. Pairs of such Pin elements naturally act on kerP by : 

{w, w') ■ \RR, e) = w'^^w-^\RR, e) = {-l)<^^\''\w'^^n w^\RR, 1) , (7.5) 

where is the Clifford element w expressed in term of the Clifford generators {V'o}- We also 
expressed \RR,e) as Q\RR, 1) for Q some polynomial in {■^g} . 

As w'^^(),w^ is a lift into Pin of w'^^oQow, w^^(),w^\RR, 1) solves the gluing conditions for 
^{m9^,m'9^,) -f ^^^^ ^^^^ g^j^gg ^^le gluing conditions for J^H.'"'). We can therefore 

define the charge of the boundary state as : 
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where i}\RR,l) solves the gluing conditions for If each class in W does contain a 

diagonal element {w,w), w G W , then (17. 6p coincides with the simpler formula : 

c\B_p)= \RR,w{e)) , (7.7) 

(ui,to)ew 

where \RR,e) solves the gluing conditions for J^C*"'™ ) and w{e) denotes the action of the Weyl 
group on t) extended on /\ f). 

The subspace defined by (|7.6p and (|7.7p is invariant upon a left shift by ql and a right shift 
by gR on the group manifold. Indeed, upon such a transformation, Q i— > ad^^ o Q o ad^^-i, so 
that M is shifted in G/H x G/H and W is invariant. This feature is crucial to ensure that 
the charges are invariant under the truly marginal boundary RG flows corresponding to these 
transformations . 

Remark that (|7.6p is ambiguous. Indeed, c|i?_p) depends on the choice of the lifts w and w' 
into Pin of the Weyl group elements w and w'. In most of the examples, we will be able to use 
(|7.7p . In the other examples, namely the D-branes of SU{4:) which are twisted by the product 
of an automorphism of a subalgebra and an outer automorphism of 5C/(4), the natural choice 
of the lifts produces a physically sensible answer, but we were not able to define a canonical 
choice that would make (|7.6p completely well-defined. 

7.4 Normalization and periodicity 

It still remains to fix the normalization of the element \B^p) G kerP obtained. Let {\Bm)}, 
m £ I he the set of elementary boundary states satisfying the same gluing conditions as our 
boundary state for T a set indexing the elementary boundary states (for instance in the 
case of maximally symmetric boundary states, Q = 1 and T = x {t, /}, the set of integrable 
highest weight of times the two weights t and / of 50(^)1 associated with boundary states 
preserving the supercharge D ). 

The completed boundary states read \Bjn) = \Bm) + <lm\B-p) , where qm are a set of a priori 
arbitrary real numbers. Now the action of Wilson operators on boundary states can be used 
to constrain the numbers qm- Indeed, we saw that Wilson operators have a well defined action 
()6.10|1 in V-p. We also saw that they act on boundary states : whenever is a consistent 
boundary state, \B') = Wp,\B) is also a consistent boundary state. Demanding this property 
to be preserved when Wilson operators act on completed boundary states \B) = \B) + qB\B-p) 
and \B') = \B') + qs'lB^p) yields qs' = d^qs- These relations can be used to express all of 
the qm in term of one of them. The value of the remaining free parameter is arbitrary and 
has no physical meaning. Note that the charges of all the branes preserving the given gluing 
conditions are integer linear combinations of the charges of the elementary boundary states, so 
the numbers q can be chosen to be all integers. 

There is an extra subtlety that will account for the periodicity of the charges. Recall from 
section 13.21 that we defined an equivalence relation on Wilson operators such that two Wilson 

'^Indeed, the Ramond-Ramond test states do not exist as physical states. Their couplings to D-branes have 
a meaning only as invariants of the renormalization group flows, and not as an interaction that could be tested 
with a physical probe. As the Kondo flows send stacks of branes onto stacks of branes, only ratios of charges 
are relevant. 
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operators are in the same equivalence class if and only if they have an identical action on the 
physical state space Ti. In particular, we had \W^] = where w is an element of the 

afiine Weyl group of and e{w) its sign. As these two operators produce the same boundary 
state when applied to we see that the completed boundary states should be identified as : 

W^^\B) e{w)Wl^^^\B) 
=> W^\B) + d^QBlB^p) ~ W^\B) + e{w)d^^^)qB\B^p) ■ 
Hence the the charges should be identified according to : 

d^iqB ~ <^{w)d^(p,)qB , (7.8) 

which means that only the class of qs modulo an integer M is unambiguous and well-defined. 
As the classes of maximally symmetric Wilson operators form an algebra isomorphic to the 
fusion ring of Qk (|3.17p , (|7.8p is actually equivalent to : 

d^d^ = Nx]ldy mod M . (7.9) 

This equation is exactly the one considered in [2T1[23]. Therefore the periodicity M of the 
charge coincides with the one expected from K-theory computations [H]. M is an integer 
which depends both on the level k and on the Lie algebra g. But as Wilson operators act on 
every boundary state, ()7.9p holds independently of which boundary state we are considering, 
so the integer M is the same for all of the types of charges. Note that (17. 8|) for = was also 
used in [20j|l6] to compute M . 

We see now that \B) carries qs mod M units of the charge associated to the element |-B-p), 
while the other (orthogonal) possible charges of \B) vanish. In particular, the charges are 
quantized. 

7.5 Invariance under the generalized Kondo flows 

We also immediately see that the charges defined in this way are the same between the UV 
and IR fixed points of the generalized Kondo flows discussed in section [H Indeed, if the initial 
D-brane of the flow is a stack of n D-branes with boundary state \B)^ then the IR fixed point of 
the flow is given by the action of the Wilson loop operator W^, where r labels the n-dimensional 
representation of a used in the perturbation (|3.14p : n\B) ^ W^\B). 

The Wilson operators commute with both J|[j and -i/'lfj, so neither the action of these op- 
erators nor the generalized Kondo flows modify the gluing conditions (|7.3I) . Moreover, for the 
completed boundary states, we have : 

n{\B) + \B^p)) ^ W^{\B) + \B^p)) = W^\B) + n\B.p) , 

so the charge of W^\B) is the same as the charge of the stack n\B). 

Note also that a class of flows which are not of the Kondo type was uncovered in [HS]- These 
flows link the following twisted D-brane configurations : 

dfj\BQ,,(),x) \Bn,fi,x) 

Our charges are also invariant under these flows, because the charges of the states \BQ,fi,x) 
are proportional to (see section rTSll . 
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7.6 Maximally symmetric D-branes 

Now we measure the charges of the supersymmetric boundary states constructed in section HI 
We start with the maximally symmetric D-branes. Let us recall that the maximally symmetric 
boundary states preserving the supercharge L>_ satisfy the following gluing conditions : 

{rr+^r-r)\B) =0, 

{J- + J%,)\B) =0. ^'-^'^ 

Consider these equations in {g,g')V^p. The second condition simply states that the operator 
B should intertwine the action of q in gH^p and g'H^p. Of course, this is possible only if 
gH = g'H . Therefore, it is possible to solve these gluing conditions only in the fibers above the 
diagonal M = G/H C G/H x G/H. The equations (IT.lOp in {g,g)V-p are equivalent to : 

{g-^i,?g + ig~^r^,g)\B) =0, 

(g-'Jfig + g-'J'^ngm =o. ^'-''^ 

in V-p. But the system (|7.1ip is equivalent to (IT.lOp . The solution in kerP to these gluing 
conditions is \RR,1) and this solution is constant over M. Therefore, maximally symmetric 
boundary states carry a charge along \RR, 1). We learn that \RR, 1) is the Ramond-Ramond 
test state probing the so-called "DO-brane charge". 

Remark that if we had rather considered maximally symmetric boundary states shifted on 
the group by an element g G G, which satisfy : 

i^l^^ + igr-rg-')\B) =0, 

{J^ + gJ^ng~')\B) =0. 

then we would have been able to solve the gluing conditions in all of the fibers above M' = 
{{g^g') £ G/H X G/H \g' = gg}. The image in kerP of the component of solution on the 
cohomology would still be \RR, 1), because of the intertwining property of the map 4)^ . This is 
equally true for any type of boundary states : our prescription assigns identical charges to D- 
branes differing by a mere shift on the group manifold. This is what we expect from invariants of 
the boundary renormalization group flows, as shifted branes are linked by marginal deformations 
of the open string CFT. 

To determine the charges, recall that the maximally symmetric boundary states can be 
expressed as : 

\B,fi,x) = W^W^°\B,0,t) . (7.12) 

Let us complete \B,0,t) as follows : \B,0,t) = \B,0,t) + \RR,1). As we mentioned previously, 
the global normalization of the charges is not physically relevant, and can be fixed so that all 
the charges are integers. Then from (I7.12p . we obtain : 

\B, n, x) = W^W^^IB, 0, t) = \B, /i, x) ± df,\RR, 1) , 

where the sign is -|- when x = t and — when x = f. Indeed, Wj° acts by —1 in the whole 
Ramond-Ramond sector. The charges are then : 



{B, /i, x\RR, e) 



±dp mod M if e = 1 
mod M if e _L 1 . 
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Therefore we get exactly the results expected from [2T]. The fact that one gets the opposite 
charge for boundary states differing only by the label x confirms that these states form brane- 
antibrane pairs. 



7.7 Coset D-branes 

The gluing conditions satisfied by coset boundary state are given by : 

{i>^ + ii^±,)\B) =0, 

{j^+j^^m =0. ^^-^^^ 

where A is an index running on a basis of the subalgebra o, and : 

{X-{-if^^X)\B) = Q (7.14) 

for each of the fields X in the coset vertex algebra {hx is the conformal dimension of X). 

We are interested in solving these gluing conditions in {g,g')V-p, and this is equivalent 
solving in V-p the gluing conditions where the holomorphic fields have been conjugated with 
and the antiholomorphic fields by g'~^. Choosing now the index A to run over a basis of 
the subalgebra g~^ag, we get from (|7.13|) : 



{i;:^ + ig'~'gtl^^,g-^g')\B) =0 
{J^ + g'-^gJ^,,g-^g')\B) =0, 



(7.15) 



and : 

(X - {-if^^g'-^gXg-'g'm = . (7.16) 
The gluing conditions on the operators of total grade zero are given by : 

{^l + ig'-^g^ig-'g')\B) =0, 

{4+9'-'9J'o9-'9')\B) =0. ^'-''^ 



According to the discussion after equation (|7.3|) . such gluing conditions can be solved on kerP 
only if the automorphism ad^z-i^ preserves the Cartan subalgebra of g, as well as the positive 
and negative root spaces. This forces g'H = gH , so M is again given by the diagonal G/H C 
G/H X G/H. The gluing conditions on the total grade zero subspace are the same as for 
maximally symmetric boundary states, so the solution on kerP is \RR,1) for each m G M. 
Note however that the full solution to the gluing conditions is not constant, only its component 
on ker P is. So the coset states carry the same type of charge as the maximally symmetric ones, 
the DO-brane charge. 

The coset D-branes can be obtained by the action of symmetry breaking Wilson operators 
on the maximally symmetric boundary states, according to (14. lip : 

\B,,^,,,^l,x,a) = T^^iysiyf |B,o,t) . 

So, keeping the convention 0, i, 0) = \B, 0, t, 0)-|-|iii?, 1) adopted in the maximally symmetric 
case, the completed boundary state reads : 

|-Bcoset,/^,a;,o-) = |^coset,At,2;,o-) ± dadp\RR,l) , 
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where again, the sign depends on x. The charges of coset states are then given by 



{Bcoset,fJ',x,cr\RR,e) 



±dad^ mod M if e = 1 
mod M if e ± 1 



7.8 Twisted D-branes 

To find the charge of the twisted supersymmetric boundary states, we should solve the gluing 
conditions (|4.7p and (|4.8p in {g,g')V-p, which amounts to solving : 



{g-'j;ig + g'-MJlj9')\B) =0 
{g-^i^'^g + ig'-'n{r-Jg')\B) =0 



(7.18) 



in V-p, where O is an outer automorphism of g. Any such outer automorphism of g is conjugate 
to the automorphism ^Id coming from the symmetry of the Dynkin diagram of g : i7 = adgoQ^). 
Recall also that O can be lifted to an automorphism of G, and that we have ad^ o J7 = o adng 
as operators on g. The system (IT.lSp can then be rewritten : 

iJ^l + gnDiJ\)g-')\B) =0, 

{ip^ + ignoir-Jg-^m =0, ^ • ^ 

where g = g'~^{Qg)g. As preserves the total grading, ad^ should also preserve it, so 
g' H = {Qg)g~^ H . M is therefore the "twisted diagonal" in G/H x G/H defined by the previous 
equation. Again, the solution to the gluing conditions is constant on this diagonal, and we have : 

|-B-p)|kerP = \RR,enD) ; 

where e^^ = Y\e^nne^=-ei ^ fo'^ ^ suitable basis {e-'} of the Cartan subalgebra diagonalizing 
Q^D- In particular, we see that branes twisted by distinct conjugated outer automorphisms carry 
the same charge. 

In general, we cannot express every twisted boundary state from one of them using Wilson 
operators, as was done in the maximally symmetric case (|7.12l) . However, the action of Wilson 
operators satisfies : 

Wl\Bn,fi,x)= ^xfr\Bn:iy,x) , 

where ■N'xii' fusion rules for twisted representations [S]. As these relations must still hold 
after the completion of boundary states, we should have : 

dxQf. = Yl ^XffQu . (7.20) 

It was shown in [24] that a solution valued in Z/MZ to these equations is provided by = 
mod M. denotes dimension of the grade zero subspace of the fi-twisted representation of g^ 
labeled by /i. This grade zero subspace is a representation of the finite Lie subalgebra of g left 
fixed by il. 
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We learn that the charges of O-twisted boundary states are given by 



{Bq, fi,x\RR,e) 



±di^ mod M if e = e^^ 
mod M if e _L en„ 



Again, the it sign depends on the label x. We remark that as {RR, eQj^\RR, 1) = 0, the twisted 
D-branes do not carry any DO-brane charge. 

7.9 Twisted coset D-branes 

The twisted coset states break the symmetry algebra down to © f a © c/(Ok © fa), and the 
twist Q = Q'^Q is a product of an automorphism 17 of c and an automorphism Q'^ of © fo, 
extended trivially on the coset fields. 

This case is much more complicated than the three previous ones. Except for the general 
principles described in section [731 we do not know any method other than case by case inspec- 
tion to identify the manifold M and compute \B^p). We will study boundary states of this type 
in detail below, in the case of G = SU{4:). For now, we suppose that we obtained a component : 

\B^p) = \RR,e^) , 

by solving the gluing conditions in GV-p and averaging the solutions over M. 

Like for twisted states, it is in general not possible to express every twisted coset boundary 
state from one of them by the action of Wilson operators. However, from the explicit expressions 
of the twisted boundary states jiT], we have the relations : 

W^\B^,fi,a,x)= AAf/|i?^,z>,a,x), 



W^\B^,fi,&,x)= ^f?■iB^,^,v,x) 



where P^a ^ labels the O'^-twisted representations of and J\f^^ are the corresponding twisted 
fusion rules. Imposing the same equations on the completed boundary states yields constraints 
on the charges, which are solved in the same way as for twisted states. 

The charges of the twisted coset boundary states are therefore given by : 



(Sqi A) x\RR^ e) 



±dpda mod M if e = 
mod M if e _L 



As always, the ± sign depends on the label x, and dp, and ds- are the dimensions of the repre- 
sentations of the subalgebras of q and a left fixed by Q and 0°, respectively. 

7.10 Some remarks 

• As technicalities may have obscured our point, let us state it again. We found the most 
general set of massless states in the Ramond-Ramond sector, and remarked that these 
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states live in a continuous family of modules that can be tied together into a bundle over 
G/H X G/H . As this sector does not belong to the physical spectrum of the theory, we 
were forced to add to the boundary states a component in this sector. The most natural 
way of doing so is to solve the gluing conditions defining the boundary state in this virtual 
sector. Because we have not a single module, but a family of them, and that there is no 
reason to distinguish one of them from the others, we had to find all of the solutions to the 
gluing conditions, and average them. This determined a component on the cohomology 
for each boundary state. To fix the relative normalization of this component, we used 
the action of Wilson operators. The charges are then given by the overlaps between the 
completed boundary states and the test states. 

Note that the eigenvalues of Wilson operators on highest weight g^-modules are given by 
an analytic function (|3.16p on the space of weights. Therefore, using Wilson operators 
to fix the normalization of the boundary state in the virtual sector can be seen as the 
appropriate continuation of the components of the boundary state from the physical sector 
of the theory to V-p. This continuation is not unique, and the ambiguity induces the 
periodicity of the charges. 

Our analysis of the solutions to the gluing conditions in GV-p is not completely rigorous. 
We are not certain that the disjoint union UjMj described in section [7?3l contains all of M . 
Moreover, for some types of boundary states, the averaging procedure may contain am- 
biguities. While these questions definitely deserve further study, the complete agreement 
with geometry that we will find in section seems to support our analysis. 

This procedure may not succeed when applied to hypothetical elementary boundary states 
that would not satisfy well-defined gluing conditions involving V'olf)- Indeed, given a set of 
gluing conditions (17.31) . the element of kerP solving them is uniquely determined, up to 
normalization. This normalization is then fixed by the action of Wilson operators. Now 
if a boundary state did not satisfy gluing conditions of the type of (17. Sp . there could exist 
several linearly independent solutions to its gluing conditions with a non-trivial component 
on ker P. Then the action of the Wilson operators would clearly not be sufficient to fix the 
charge of this boundary state. Supersymmetric versions of the boundary states recently 
constructed in pl| may have this property. 

Remark an interesting coincidence. Massless Ramond-Ramond states and a non-trivial 
cohomology of the supercharge appear only in the module V-p. But it is also in this 
module only that the eigenvalue of the Wilson operator does not get renormalized by the 
generalized Kondo flow drl i— > W^. This crucial fact ensures that the charges we con- 
structed are invariant under the Kondo flows. Note also that the states in the cohomology 
are supersymmetric with respect to both Gq and Go, so this phenomenon looks like one 
more instance of the general fact that supersymmetric quantities are often protected from 
renormalization. It may be interesting to understand it better from the point of view of 
representation theory. 

The equations (|3.17p (I7.8|l (|7.9|) (|7.20|) obtained from the action of Wilson operators to 
determine the normalization of the charges of a set of elementary boundary states are 
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similar to the ones appearing in the earher works [2Tl[20l[l6l[23l[2l], and we used the 
results of these authors to solve them. But we would like to point out here a fundamental 
difference in the way they were derived. In all the papers above, the structure of the 
flows or the action of marginal deformations of the WZW model was used to derive 
constraints on the charges, and these constraints took the form of the equations above. 
Here, we were forced to consider the action of Wilson operators as the only sensible way 
of fixing the normalization of the component of the completed boundary state in kerP. 
We did not make any assumption on the structure of the renormalization group flows. 
The quantization of the charges and their invariance under the RG flows is a consequence 
of our procedure, rather than a postulate. 

• Actually, except in some specific cases, these equations do not allow to determine com- 
pletely the charge of the boundary states. Indeed, given a boundary state, they determine 
an element in the appropriate Z/MZ factor, but only up to automorphisms of this cyclic 
group. This means that the charges assigned to members of a given family of state linked 
by Kondo flows are determined only up to automorphisms of Z/MZ. As long as we 
work with a single family, this is irrelevant, but when we consider two distinct families of 
boundary states which carry charges in the same factor TLjMTL^ then this indeterminacy 
is relevant. Given two boundary states belonging to distinct Kondo families but carrying 
charges in the same TLjMTL factor, we cannot compare their charges. This constitutes a 
shortcoming of our construction. 

• We saw that the cohomology of the supercharge leads to 2*^ independent charges. However, 
in all the examples we will construct (see the next section), the boundary states couple 
only to 2^~^ of them. Indeed, the known boundary states couple only to test states \RR^ e), 
with e E f\{\]/'GhP)^ where is the generator in the Cartan subalgebra associated to the 
Weyl vector of g. The fact that D-branes cannot couple to elements in /\{i)/<ChP) A 
will be confirmed by the geometric analysis of the charges to be undertaken in section [9l 
Basically, a brane coupling to such a state would wrap non-trivially the homology class 
of the 3-sphere in the Lie group, which is impossible because there is a non-trivial NS-NS 
flux through this cycle. 

The set of possible charges for the boundary state is therefore given by : 

(Z/MZ)(2''^') . 

This group coincides with the twisted K-theory of the target space Lie group G [T^. This 
confirms the intimate link between twisted K-theory, invariants of the renormalization 
group flows and (a generalization of ) Ramond-Ramond charges. We have not found yet 
a direct interpretation of our algebraic construction in term of K-theory, though. 

8 Examples 

We now turn to some examples. We are mostly interested in determining what type of charges 
each of the Kondo families of boundary states carry. The magnitude of the charge of each state 
in a family is determined (up to an automorphism of Z/MZ) as described in sections [7.61 to FTOl 
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8.1 SU{2) 



There are only two families of boundary states in our classification that can be realized in 
SU{2). The first are the maximally symmetric boundary states, and we already know that they 
carry a charge along \RR, 1). 

Another type of boundary states, the "B-type" branes, were constructed in |;16j, using what 
can now be identified as a twisted coset construction. The subalgebra o is a u(l) sitting in 
su(2), and the automorphism is the sign reversal on u(l) ~ M. Choosing as the generator 
of u(l), the gluing conditions on the grade zero subspace of the preserved algebra satisfied by 
such states are therefore : 

iJl-jl)\B)=0, {i;|-i^^J|)\B)=0, 

as well as gluing conditions on the coset fields (which in this case form the vertex algebra of 
parafermions) . These gluing conditions can be solved in V-p, and the corresponding element 
in kerP is \RR,e^). According to the results of section FTSl one should also consider gluing 
conditions of the form : 

(g-'Jod - g-^Jh')\B) = , (5"Vo5 - ig-^i^l9)\B) = 

in V-p. They can also be solved for g = g' = g, such that adg is the unique nontrivial element 
w in the Weyl group. The corresponding element of kerP is \RR,we ) = — \RR,e^). Other 
couples {g,g') do not preserve the triangular decomposition of g. 

The charge therefore vanishes, according to the expectations of |l6j. Remark that the test 
state \RR, e^) associated with the Weyl vector of su(2) does not seem to couple to any boundary 
state. 

8.2 SUid,) 

In 5C/(3), we have the maximally symmetric boundary states which carry DO-brane charge 
along \RR,1), but also boundary states twisted with respect to an outer automorphism VL of 
SU{2>). We are free to choose any outer automorphism, because they differ from each other 
by conjugations by elements of 5C/(3). So let us pick VL to be the automorphism generated by 
the symmetry of the Dynkin diagram of su(3), which preserves the triangular decomposition. 
According to the derivation above, twisted states carry a charge along the element of the exterior 
algebra f\\] corresponding to the volume form of the eigenspace of eigenvalue —1 of O. This 
eigenspace is one-dimensional, given by the difference of the two simple roots ai and 02, so the 
twisted states carry a charge \RR, h°''^~°'^) , where is the element of f) dual to A S f)*. 

Note again that the test states in the subspace generated by the elements and hP /\h^^~°^'^ 
of /\ 1) do not couple to any known boundary state {p = ai + ai in su(3)). 

8.3 5^7(4) 

We have again maximally symmetric boundary states which carry a charge along \RR^ 1), and 
twisted states which carry a charge along \RR,h'^'^~'^^) . (The outer automorphism of 5C/(4) 
induced from the symmetry of the Dynkin diagram exchanges the simple roots ai and 03.) Let 
us now examine some twisted coset boundary states. 
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Twisted coset states from the embedding of SU{3) 

In [28], the authors constructecil twisted coset boundary states associated with the embedding 
SU{3) C 5C/(4), and conjectured that they should carry all the possible K-theory charges of 
SU{A). 

So let us follow f28] and consider the complex conjugation automorphism Qc3 of SU{3), 
extended trivially on the coset fields. It does not preserve the triangular decomposition of SU (4), 
but it can be expressed as adg o Qd^, where Qd3 coincides on SU{3) with the automorphism 
generated by the symmetry of the Dynkin diagram of SU{3). g is given explicitly by : 

/ 1 
0-10 
^~ 1 
V 

Od3 preserves the triangular decomposition and acts trivially on the coset fields. Therefore 
the gluing conditions can be solved in {l,g)V-p, and using our result for SU{3), we see that 
the resulting element of the cohomology is /i"^""^). According to section \TM we can also 
solve the gluing conditions in (0,1^(73(0)5), a G SU{3), and these elements constitute Mq. One 
can check that the image in ker P of the solution to the gluing conditions is constant over Mq. 
There are also some Mj, i > 0. To identify them, one should look for pairs of elements (wiyw'j) 
of the Weyl group of su(4) such that w[o o preserves the triangular decomposition of 
su(4). We should also identify pairs which differ from each other by the left action of an element 
of the twisted diagonal (aj^lcsio-)), 0, S SU{3), because each of them map Mq onto the same 
Mi. Explicit numerical computations with the Weyl group of SU{A) exhibit eight such classes. 
Representatives can be taken to be all of the form {w,w), and are given explicitly by : 



w 


Action on (01,02) 


id 


■ (0.1,02) ^ ("1,02) 


fas 


: (ai,a2) ^ ("1,02 + 03) 




: (01,02) ^ (02,03) 


° ^03 


■ (01,02) ^ (oi + 02,03) 



where r^^ is the reflexion with respect to the plane orthogonal to Oj. The charge is therefore 
given by : 

\B^p) ~ \RR, + /j"i-a2-a3 ^ f^a2-as ^ ^ai+aa-as^ _ |^^^ ^ 

SO these boundary states carry the same charge as the boundary states twisted by the outer 
automorphism of SU(A). This already rules out the conjecture of [28], according to which all 
the possible K-theory charges can be realized by such boundary states. We will see in the next 
section that this result could have been guessed from purely geometric considerations. 

The remaining family of boundary states appearing in the construction of [28] are states 
twisted by the composition of the complex conjugation automorphism Qci of 5C/(4) with the 

*We specialize here their construction in SU{n) to the case of S'C/(4). 






1 / 



(8.1) 
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complex conjugation automorphism ^Ics of SU{3) C 5C/(4). This product of automorphism 
does not preserve the triangular decomposition of g, so the corresponding gluing conditions 
cannot be solved in V-p. According to the principles exposed in section [71 it is possible to solve 
them in another fiber {g, g')V-p of GV-p only if ad^z-i o VLqa ° ^C3 ° ad^ preserves the triangular 
decomposition. This happens for g = g, g' = g' for g given by (18. ip and : 

/ 1 \ 
0-10 
10 
V -1 / 

because we then have adg/~i o Qfj^^ = and Qc3 ° ad^ = O/js, where Qda and 17^3 are the 
automorphisms of su(4) and 5u(3) generated by the Dynkin diagram symmetries. So we can 
solve the gluing conditions in {g,g')V-p. The pairs of Weyl group elements are now of the form 
{■w,CIdaw), with w any element in the list (18.21) . To express the corresponding solutions to the 
gluing conditions, we use the principal basis (see section [9]) : 



9 



(8.3) 



1 



V20 

i(ai 
1 



(3ai + 4a2 + Sas) 



(8.4) 



^(ai - 2a2 + as) 



1 - V5i;li>l 



and decompose V'olf) on this basis to get generators ipQ. We also have to pick a lift Q ofQniO^DS 
into Pin(r) (r being the rank g). We choose : 

1 

One can check that the adjoint action of Q on the basis element 'tp^ reproduces the action of 
fl£)4 o Q,£)3. Now (minus) the elementary Weyl reflections are implemented into Pin(r) by the 
adjoint action of the following elements : 



w 



w 



w 



' as 



^'0 + 



2 

V5 



These are just the expression of the unit vectors along the simple roots in the basis (|8.4p . To 
apply the prescription (I7.6|l . we have to comput^ 
for w' = Qd^w. We get : 



w') 



T,d{w) for each w in the list (|8.2p and 



w 



-1 



id 



' as 



1 
V6 



1 J.1J.2 



+ 



1 

^30 







^These computations are most efficiently performed with a program dealing with Clifford algebras. We used 
the Mathematica package Clifford. m |65| that can be found at http://www.fata.unam.mx/aragon/software/. 
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Summing these four terms gives \/6 (as a Clifford element), which shows that these boundary 
states carry only DO-brane charge along \RR, 1). 

Therefore in the case of S'C/(4), the boundary states constructed in [JH] do not carry any 
new charge compared to maximally symmetric and twisted boundary states. 

Twisted coset states from the embedding of the Cartan torus 

In [27], the same authors presented another set of boundary states which may carry all of the 
possible K-theory charges. They used the twisted coset construction, using this time the Cartan 
torus as subgroup, and reflexions across perpendicular hyperplanes in the Cartan subalgebra 
as automorphisms. The specific orthonormal basis in the Cartan subalgebra of 5C/(4) chosen 
in [27] is /i^, /i^), with : 

{h^y = ^J\{al + \a2) (8.5) 
{h^Y = -|u;3 = ^(ai + 2a2 + 3a3) , 

where ws is the third fundamental weight. Let us define Q to be diag(±l, ±1, 1) in this basis, 
and the identity outside the Cartan subalgebra. Set VL = (l o {VLcaY , where as above Oc'4 is 
complex conjugation on su(4) and e = 0, 1. We want to compute the charges carried by the 
twisted coset states constructed from 0. 

If Q = id, we recover the maximally symmetric boundary states or the twisted ones, de- 
pending on the value of e. 

If we have a non-trivial Cl with e = 0, preserves the Cartan subalgebra and the grading, 
so we can solve the gluing conditions defining the boundary state in V-p. The component in 
the cohomology is given by \RR, en), where en E /\ 1) is the volume form on the eigenspace of 
eigenvalue —1. We also have to look for pairs {w,w') of elements of the Weyl group W such 
that w' oflo preserves the Cartan subalgebra and the grading. But this is the case for any 
diagonal element {w,w), w S W. The component |i3-p) to be added to the boundary state in 
ker P therefore reads : 

\B^p) = \RR,wen) . 

If the negative eigenspace of Q has dimension 1, \B^p) = 0, as we are averaging an element of 
the Cartan subalgebra over the Weyl group. If it has dimension 2, en = A h? and we see 
that \RR,eQ) + {RR^ra^en) = 0, which implies that the average over the whole Weyl group 
also vanishes. So none of these states carry any charge. This canceling phenomenon similar to 
the one we noticed for parafermionic B-branes in SU{2). 

If e = 1 and Cl is non-trivial, the analysis is a bit more delicate, because Qci does not 
preserve the triangular decomposition of g. However, we have the relation i^cA = ad^z-i o ri£)4, 
where again is the automorphism generated from the Dynkin diagram of su(4), and g' is 
the group element (|8.3p . Therefore 0, o $7(^4 = 1^(74 o 0, = ad^/-i o ^l^f^^ o Q. Now fi' := ° ^ 
obviously preserves the triangular decomposition of g, so we can solve the gluing conditions in 
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{l,g')V-p, and this is equivalent to solving the gluing conditions for Q' in V-p. Let us now try 
to find the other solutions. If w' oil' o preserves the triangular decomposition, for w, w' in 
the Weyl group, then w' o r2£)4 o also does, because acts non trivially only on the Cartan 
subalgebra. The condition that positive root spaces be mapped into positive root spaces forces 
w' = VLdaw. We should now solve the gluing conditions (V'o + ^^Vo)!-^) = in kerP, and 
average with the action of the (whole) Weyl group. 

As this involves summing twenty-four Clifford elements, we will not write the computation 
explicitly here. The analysis is completely analogous to the one performed at the end of the 
previous section for the boundary states twisted by both outer automorphisms of SU (3) and 
SU{4). The resulting charges all vanish. 

This analysis rules out the conjecture of [27] as well. Interestingly, the problem of finding 
boundary states accounting for all of the possible charges in SU{n), n > 3 is still open. 

Let us however recall again that the formula used to perform the average in the case of the 
boundary states twisted by both the automorphism of SU{^) and of the subalgebra may be 
dependent of the particular choice of lift into Pin of the Weyl group elements we average on. 



9 Relation to homologylli 

In this section, we discuss how our construction can be interpreted in term of the familiar 
(co)homological classifications of D-branes. 

9.1 The Kostant conjecture 

It is well known that the cohomology classes of Lie groups are in bijection with bi-invariant (that 
is left and right invariant) forms. Such a form uj is completely determined by its component 
Gw in (A^*)i^ ~ As*: the fiber at the identity element 1 G G of the exterior algebra of 
the cotangent bundle. The requirement that the form is bi-invariant means that £ f\Q* is 
invariant under the coadjoint action of g on Afl*- This provides an algebraic model for the 
cohomology of Lie group : 

H'{G,n) = [l\Q*Y , 

where (...)^ denotes the invariant part under the action of q. Naturally, we also get a model for 
homology : 

H.iG,n) = ^f\Qy , 

where g acts now by the adjoint action. 

Recall also that the homology ring (A fl)^ is generated by the subspace of primitive elements 
P C /\q, so that (Afl)^ = A-f- Their degrees are given by twice the exponents of the Lie 
algebra plus one, and their precise definition can be found in [5B], section V.4. Integer valued 
homology and cohomology can also be described by the corresponding Z valued rings generated 
by suitably normalized primitive elements. 

^"Thanks to Rudolf Rohr for his patience when answering our numerous questions on the Kostant conjecture. 
For some background on the algebraic models of Lie group cohomology, see for instance |661I67| . 
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These two rings have dimension 2^, where r is the rank of the Lie algebra. Recall that our test 
states were classified by /\ f}, which is also 2''-dimensional. It turns out that there is a natural 
map between these two rings, which have received some attention in the Lie representation 
literature in the context of the so-called Kostant conjecture [68]. Let us describe this map. 

There is a (anti)symmetrization map from the exterior algebra to the Clifford algebra : 

As ^ C1(0) 

e^Ae^A... Ae™ ^ ^ ^^^^^ sgn((j)e'^W • e'^^^) . . g<T(m) ^ 

where Sm is the symmetric group of order m, sgn is the sign map and • is the Clifford product, s 
is an isomorphism of vector spaces. It restricts to a (vector space) isomorphism of the invariant 
parts : 

The Harish- Chandra map he sends Cl(g)0 to Cl(f)). Its precise definition can be found 
in [68!. Informally, it can be described as a normal ordering with respect to the triangular 
decomposition of g, followed by an orthogonal projection on Cl(f)) C Cl(g). 

Finally, there is a map c, the Chevalley map, which identifies Cl(f)) and as vector spaces. 
Denote e(/i), h £ I) the endomorphism of /\ t) consisting of left multiplication by the element 
h : e{h)(x) = h A x. Denote by i{h) the endomorphism of /\ consisting of the contraction 
of elements of with h. Let 7(/i) = e{h) + L{h). It can be shown that 7 extends to a 
homomorphism Cl(f)) — > End/\[}. Define finally c{h) = 7(/i)(l), for an arbitrary h £ Cl(f)) 
(that is, apply 7(/i) £ End A to 1 G A 

A non trivial result is that the sequence of maps ^ = c o he o s : (A fl)^ — > A ^ is an 
isomorphism of algebras |68j. Indeed this is not obvious, because the maps c and s are only 
isomorphisms of vector spaces. 

To state the Kostant conjecture, we need one more ingredient, the principal basis of the 
Cartan subalgebra [MUZO]- Consider the principal s[(2) subalgebra of g, that is, the 51(2) 
subalgebra containing G i) and e"*" = where the sum runs over the simple roots of 

Q. e" is the generator of the corresponding root space, and is half the sum of the positive 
coroots. These two elements determine a unique e~ such that {e+, p^, e~} generate a subalgebra 
isomorphic to s((2), the principal subalgebra. g decomposes into a direct sum of module for 
the principal subalgebra, and restricting this decomposition to the Cartan subalgebra f), we 
get an orthogonal decomposition of f). We therefore get a canonical orthogonal basis of t), the 
principal basis. For instance, the adjoint module of the principal subalgebra always determines 
a subspace Cp^, and p^ can be taken as an element of the orthogonal basis. 

The Kostant conjecture states that the image by of the primitive elements {pi} are 
monomials of degree one in Moreover, {^(pi)} form an orthonormal basis of f), which 

coincides with the principal basis induced from the principal decomposition of the Langlands 
dual of Q. (Recall that the roots of Langlands dual algebra coincide with the coroots of the 
original Lie algebra.) We denote this basis by {/i*}. This conjecture is actually a theorem for 
all of the infinite series A, B, C and D and for F2 [68| . It remains a conjecture only for the 
other exceptional Lie algebras. 
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The isomorphism $ gives us the possibihty of interpreting the abstract charges provided by 
our procedure as homology charges. If a brane has been assigned a charge |i?-p) € ker P ~ A 
one can decompose it into a (exterior) polynomial in the elements {/i*} of the principal basis 
of the Langlands dual. Each element of the principal basis corresponds to a primitive element, 
which itself corresponds to an elementary homology class. 

Let us note that the homology class of degree 3, present in all compact simple Lie groups, 
always corresponds to /i^ G /\ f) under the Kostant conjecture. It is well known that D-branes 
cannot wrap the homology class of the 3-sphere in Lie groups, because there is a non-trivial 
NS-NS flux through it. This flux makes it impossible to find a globally defined potential for the 
NS-NS 3-form on the brane worldvolume, what makes the Wess-Zumino term in the open string 
WZW action ill-defined. We conjecture that D-branes will couple only to states in /\(f)/Ce''), 
a property that we checked in the various examples. Moreover, we expect integer overlaps 
between any D-brane state and the test states labeled by integer polynomials in the generators 
of the principal basis (after a suitable normalization of these generators). This property was also 
satisfied in the examples, but definitely needs to be tested further. As we already mentioned in 
the remarks above, if we discard test states outside /\(f)/Ce^), we get a 2^~^ dimensional space 
of test states, and the possible charges of the branes live in : 

(Z/MZ)(2'"') . 

This charge group precisely coincides with the twisted K-theory of the Lie group. 
9.2 Back to the examples 

Let us now return to our examples and compare the algebraic charges we computed in section 
[8] with homology. We are here implicitly taking a limit where the level k of the sWZW model 
is sent to infinity, so that we can see the D-branes as submanifolds of the Lie group G and 
compute their homology charges. While this geometrical picture breaks down for finite k, the 
algebraic approach developed above for the computation of the charges is well-defined for any 
k. 

As they couple to \RR, 1) only, we immediately see that maximally symmetric D-brane 
never carry any homology charge. This phenomenon is well-known |321I71| : they are stabilized 
by a U{1) flux on their worldvolume. 

The homology of SU{2) contains only the class /13 corresponding to the 3-sphere forming 
the group manifold SU{2). The parafermionic B-branes of SU{2) can be seen as thickened 
Dl-strings [36], so they are not expected to carry any charge, as has been confirmed by our 
computation. 

The homology of SU (3) is given by /\ P, where P is generated by primitive elements pi 
of degree 3 and p2 of degree 5 which correspond respectively to the homology class of the 3- 
sphere and of the 5-sphere (homologically, SU{3) ~ 5^ x S^). SU{3) (as well as SU{n)) is its 
own Langlands dual. Under the principal decomposition, the adjoint representation of su(3) 
decomposes into (2) © (4). We use here Dynkin index notation for the representation of the 
principal s[(2). The intersection of (2) with i} gives = h°''^~^°'^, which is the image under $ of 
pi, and the intersection of (4) with f} gives h"^'"^, which is the image under <^ of p2. We saw 
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that the twisted branes couple to the Ramond-Ramond test state associated with h°'^~°''^, so we 
expect them to carry a non-trivial homology charge with respect to the class of the 5-sphere. 
This was shown from geometric considerations in [2^, indeed. 

The homology of SU (4) is given by /\ P, where P is generated by primitive elements of 
degree 3, 5 and 7. They correspond respectively to the homology class of the 3-sphere, of the 5- 
sphere and of the 7-sphere sitting in 5f7(4). The data coming from the principal decomposition 
of the Cartan subalgebra is summarized in the table below : 

sl(2)-module Basis element in t) Homology class 0-parity 
(2) f^3ai+4a2+3a3 3-sphere + 
(4) /joi-as 5-sphere 
(6) j^a^~2a2+a3 7-sphere + 

The first column lists the Dynkin indices of the 5[(2)-modules appearing in the decomposition 
of the adjoint representation of su(4) under the action of the principal subalgebra. The second 
column shows the basis element determined by the module. The third column describes the 
corresponding homology class, and the last column shows the parity of this class under the 
action of the outer automorphism of 5C/(4). 

Recall that we found that the D-branes twisted by the automorphism of SU (4) carried a 
charge along h°'^~"^, so they wrap around the 5-sphere in S'C/(4). One can also check this geo- 
metrically. For instance, the D-brane passing through the identity element wraps the conjugacy 
class Cq = {g^D4:{g~^)\g £ 5*^^(4)}. This means that the tangent space to the D-brane is the 
negative eigenspace ofilni, which is five- dimensional. Moreover, if i^o^x = —x and g = expx, 
then ^i_D45~^ = g. So we even have Cq = {expx|x G su(4),J7£)4X = —x}. One can therefore 
write explicitly the conjugacy class as : 





Zl 


Z2 


Z3 





\ 




-Z2 


Zl 





zz 






-Z3 





Zl 


-Z2 




I 





-Z3 


Z2 


Zl 


I 



with \z\^ -|- \z2^ + \z'i^ = 1, so it is topologically a 5-sphere. It remains to check that it 
carries a non-trivial homology charge. This can be don^ using the fact that Cn defines a map 

5C/(4) — > S*^ 5C/(4), where i is the inclusion, io/ is given by the (Lie group) product of two 
maps : i o / = id • (S7d4 o inv), where • is the product on the group and inv the inversion map. 
To check that the homology is non-trivial is equivalent to checking that the cohomology class 
[i*(/)5] of the pull-back of the bi-ivariant 5-form <f)^ of 5C/(4) onto S"^ is a non-zero multiple of the 
class [w] of the volume form u; on . There is no simple way of verifying this directly, but we 
can check that \{i o /)*(/>5] is non-trivial, which implies that [1*4)5] is non-trivial either. To this 
end, we just use that [(/i • f2)*4'5] = [fi'Pb] + [/I'^s]- is multiplied by —1 under inversion, 
as any odd form, but there is another —1 factor from the outer automorphism. Therefore 
[(^ ° f)*4'5] = 2[</>5], and Cq is non-trivial in homology indeed. 



'Thanks to Pavol Severa for some help on this point. 
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Concerning the states constructed with the twisted coset construction from the subgroup 
SU{3) C S'C/(4), geometry also leads us to expect them to carry a homology charge along S^. 
If we consider again the twisted D-brane passing through the identity element of the group, 
we know from ^2] that it is a 5-dimensional submanifold wrapping the homology class of 
in SU{3). The image of this homology class under the push-forward induced by the inclusion 
SU (3) C SU (4) is the homology class of of SU (4), so we expect the boundary states twisted 
with respect to SU{3) to wrap 5^, like the states twisted by the automorphism of S'C/(4). 

This shows that already from purely geometrical considerations, one can guess that the 
D-branes twisted by the automorphisms of 5'[/(4) and SU{3) carry the same type of charge, as 
was showed by our algebraic analysis. 

We therefore find a complete agreement between the geometrical and CFT pictures of the 
D-brane charges. 



10 Discussion and conclusion 

Despite its successes, our construction does have some shortcomings. We saw that we cannot 
compare the charges of boundary states belonging to two distinct Kondo families carrying 
charges in the same factor Z/MZ. In particular, we know that in 5C/(4), the boundary states 
twisted by the automorphisms of 5C/(4) and SU{3) carry a charge along \RR, h'^^~'^^) , but we 
cannot compare the magnitude of the charges between boundary states of the two families. As 
we mentioned earlier, our procedure may not be applicable for some boundary states which 
break too many of the bulk symmetries, and the averaging procedure is not always completely 
well-defined, what constitutes a second shortcoming. Let us also emphasize that we restricted 
our discussion to simply connected Lie groups when we chose the charge conjugation modular 
invariant for the bosonic part of the sWZW model. The extension of these results to non simply 
connected Lie groups seems to be non trivial. 

We believe that this construction should have a conceptual mathematical interpretation 
that we have been unable to find up to now. A proper mathematical formulation may overcome 
the two shortcomings described above. It could also help to establish a clear link between our 
algebraic charges and the twisted K-theory of the Lie group, beyond the mere observation of 
their isomorphism. 

An interesting problem would be to identify more boundary RG flows that do not fall into 
the family of generalized Kondo flows, and check whether the charges we obtained are really 
invariant. We saw that this is true for the flows described in \63}. Interestingly, our results 
indicate that the problem of constructing boundary states carrying charges from each of the 
factors of (jl.ip is still open beyond SU{3). We will not make here a conjecture about the form 
such boundary states may take, but in principle one should be able to test future proposals 
using our procedure. Let us finally mention that this construction can certainly be extended to 
generic = 1 supersymmetric coset models, with many potential applications in the study of 
boundary renormalization group flows in physically pertinent models. We will return to these 
issues in a future work. 
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